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FOREWORD 



This report provides an account of some basic results from the 
first stage in the project "Economic Pricing Principles for Ener- 
gy in Different Forms" sponsored by the National Swedish Board 
for Technical Development (STU) . The objective of this project 
is to formulate basic principles for the optimal pricing of 
energy in different forms based on an integration between ther- 
modynamics and microeconomic theory. I am deeply grateful for 
the firm economic support which the Board, represented by Leif 
Andersson and Gunnar Kinbom, has offered me. The initiative to 
form this project emanated from early discussions with Leif 
Andersson and without the encouragement he has given, the pro- 
ject would never have been realized. 

The main ideas presented in this report were developed during 
my appointment 1978-79 at the Naval Postgraduate School, Monterey, 
California. I wish to express m.y sincere gratitude to the Super- 
intendent, Rear. Admiral Taylor F Dedman, and the Provost, 
Professor Jack R Borsting, for providing me with the opportunity 
to carry out this research and opening the facilities of the 
School to me, and to the Chairmen Professors Carl R Jones and 
Michael G Sovereign of the Departments of Administrative Sciences 
and Operations Research, to which I was affiliated, and to their 
secretarial staff. Special thanks are also due to Mr Roger M 
Martin of the Dudley Knox Library for his invaluable assistance 
in tracking down books and articles on the topics concerned. 

A great number of people, too many to all be mentioned, have 
offered comments and suggestions for which I am extremely grate- 
fuL on the ideas presented. At the Naval Postgraduate School I 
would especially like to mention Professor Frank D Faulkner, 
Department of Mathematics, and Professors Paul J Marto and Paul 
F Pucci, Department of Mechanical Engineering, and particularly. 



Professor Melvin B Kline, Department of Administartive Sciences, 
without whose many kindnesses to my family and to myself during 
our stay in Monterey my task would have been far more difficult. 
Professor George B Dantzig and members of the staff of the Energy 
Modelling Forum, Stanford University, offered many suggestions 
and gave me access to the Energy Information Center at Stanford, 
and Professor J Morley English, University of California, Los 
Angeles, offered me many ideas and provided several very useful 
references . 

Many interesting discussions were held with, among others, Sashi 
Mozumder, University of California, Berkeley, Dr Kcimal Golabi, 
Woodward-Clyde Consultants, San Francisco, Dr Meredith S Christ, 
University of Southern California, Paul H Randolph, Vice President 
Energy Economics Division, Chase Manhattan Bank, New York, Profess 
Edward Erickson, North Carolina State University, Raleigh, and 
Dr C Marchetti, International Institute of Applied Systems 
Analysis, Laxenburg, Austria. 

I am especially' indebted to Professor Karl-Erik Eriksson, Depart- 
ment of Theoretical Physics, Chalmers University of Technology, 
Gothenburg, for his careful reading of and comments on parts of 
the manuscript, and for all the interest he has shown in the re- 
sults, and to Professor Herman A 0 Wold, Uppsala, for checking 
through a preliminary Swedish version of parts of this report. 

At my home affiliation, Linkoping Institute of Technology, se- ’ 
veral of my colleagues have given me suggestions, among whom 
I would like to mention Drs Folke Norstad and Bengt Winzell, 
Department of Mathematics, Dr Bengt Sandell, Department of 
Physics and Measurement Technology, and Professor Bjorn Karlsson, 
Department of Mechanical Engineering. 

Several secretaries have been engaged in preparing the manu- 
script at different stages: Maud Eriksson, Annika Falk, Monica 
Johansson, Marie Johansson, Siv Gyllensten and Gitt Olsson, 



who took care of the major part. Gcsta Hesslov; carried out the 
computing involved. Many thanks for all your hard v/ork . 

To all mentioned, and to my colleagues in the Departm.ent of 
Production Economics, I am deeply grateful. 

A short preliminary version of this report in Swedish was written 
in November 1979 (Research Report 54, Department of Production 
Economics, Linkoping Institute of Technology) and the contents 
were presented in seminars at the Naval Postgraduate School, 
Chalmers University of Technology and Linkoping Institute of 
Technology, and at the TIMS/ORSA XV International Meeting, 
Honolulu. All comments I have received on these occasions have 
been of great help. 

Kallvik in August 1980 ■ 



Robert W Grubbstrom 
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CHAPTER 1. ENERGY AS A SCARCE RESOURCE 



l. 1. Economics and energy sources 

Economics is the scientific body dealing with the allocation of 
scarce resources. Usually for such allocations a price system is 
employed by which alternative uses of resources are evaluated. 

In the theory of consumption households are to choose a best con- 
sumption plan. Such a plan might include an output of services as 
well as a plan for the volum^es of various commodities to be pur- 
chased, when given all relevant prices. The theory of production , 
on the other hand, covers problems of producers as to their choice 
of plan over what products to manufacture, what services to pro- 
vide or what factors to employ so as to maximize profits, when 
given the prices of all relevant inputs and outputs. The theory 
of markets integrates these two theories treating questions of at 
what prices commodity supplies will equal their demand, the equi- 
librium number of producers that will provide this supply, and 
related problems. 

Energy economics would therefore be the area covering the pricing 
of, the supply of, the demand for and the allocation of energy as 
being a scarce resource used in consumption, or for running pro- 
duction processes, or to be employed in services, or for other pur- 
poses, all having the ultimate objective of providing a means for 

m. eeting and satisfying the needs and wants of consuming households 
and individuals constituting society. Energy as a quantity ex- 
changed in the economic system is usually measured in British 
thermal units, kilowatt hours, or similar units and its price is 
measured in $'s per Btu or some similar measure. 

However, in accordance v/ith the lav/s of physics, energy as such is 
indestructable , at least if we take the relativistic identity of 
energy and matter into account. Thus, energy as such exists in 
abundance and cannot be a scarce resource. Energy as a scarce 
resource must therefore be considered in other terms than energy 



content alone, and this must be a necessary requisite for defining 
the aonsept of energy as it v;ould appear in energy economics. This 
observcztion forms the firsz hosic id.ec. underlying this report. 

For energy to be a useful and therefore a valuable quantity to 
which a price may be attached, energy will have to be characterize 
in further dimensions than energy content alone. Apart from quanti] 
there is a need for a uniform qualitative measure of energy. This 
has been pointed out in a number of circumstances. As an example |j 
let us choose a passage written by Odum [1973, p 224]; , 



"Energy is measured by calories, Btu's, kilowatt hours, and other 
intraconvertible units, but energy has a scale of quality which 
is not indicated by these measures. The ability to do v;ork for 
man depends on the energy quality and quantity, and this is 
measurable by the amount of energy of a lower quality grade 
required to develop the higher grade." 



The obvious field to revert to for such considerations is thermo- 
dynamics, the branch of physics dealing with the transformation of 
energy between its different forms. 

The two basic principles of thermodynamics are the first and second 
laws. The first is the law of the conservation of energy (the eneri, 
principle) and, according to what has been said, this principle 
cannot by itself account for the scarcity of useful energy. The 
second law, which constrains the direction in which any energy 
transformation may take place, on the other hand, provides an expl; 
nation for the limited capacity of energy in different forms and 
thereby offers a base for describing and measuring energy as a 
scarce resource. Whereas the first law deals with nothing but i 

energy content, the second law provides the supplementary concept | 
of entropy characterizing the deterioration 

to lower qualities. The second law of thermodynamics (the entropy | 
principle) is therefore not only a central condition for analyzing 

i 

I 
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energy as a scarce resource. It appears indeed to be perfectly 
essential for attaching any meaning to the combination of the 
terms energy and scarcity. 

Strongly related to the second lav/ is the concept of exergy to 
be analyzed in further detail in chapters 3 -• 6 . Exergy is energy 
in its highest qualitative form. Close approximations are elec- 
trical energy, potential or kinetic energy. The term exergy was 
coined by Rant in 1956 but a number of related concepts had been 
developed previously, such as Gibbs' free energy [Gibbs, 1906] 
and availability [Keenan, 1932, 1951]. Exergy is the maximum amount 
of mechanical work extractable from a system of energy sources. 

As a second fundamental idea we shall introduce a symmetry vrin- 
aiple for characterizing systems of energy sources. The maximum 
amount of work extractable from a set of sources must depend on 
various characteristics of the sources such as mass (molar con- 
tents) , volume, temperature, pressure, chemical potentials etc. 
Sources, in this -general context, will be used to cover sources 
as well as sinks. 

Sources and sinks may be identified by identical sets of pro- 
perty variables. They are therefore similar in nature as to their 
role as part of an energy extraction system. The order in which 
such subsystems are enumerated must be perfectly irrelevant as to 
the potential amount of useful energy that might be available. 
Therefore it should be possible to account for useful energy, 
being a function of the characteristics of these subsystems, in 
the form of a symmetric function of these properties. This symmetry 
principle will be examined in further detail in section 1.3 below. 

It might seem an irrelevant question as to investigating conse- 
quences of a symmetry principle. A couple of arguments may prove 
to justify our interest in this matter. As a first point let us 
note that "the environment" in thermodynamics acts as an infinite 
sink for e g heat flowing from a heat engine providing work. The 



environment is an asymmetric subsystem in such descriptions since [• 
(i) the environment is assumed to have an infinite capacity for 
absorbing heat, and (ii) that there usually would be no cost 

I 

associated with disposing the heat as such when disregarding the | 
fact that cooling towers of power plants etc would give rise to j; 
capital and operation costs. A second point of argument concerns f 
the frequently used efficiency measures, coefficients of perfor- 
mance and other similar entities. These measures relate some 
output flow of energy from a device considered to some input flow l 
energy. Such ratios are asymmetric with respect to the sources and' 
sinks involved and their form usually rests on some implicit econo[ 
mic argument, viz that the output desired should be related to the' 
input that has to be paid for. From a theoretical point of view, th' 
choice of input is arbitrary and other symmetric measures have bee^ 
suggested in literature and have also been used in practice (cf | 
Berg [1974, p 41] and sections 3.2, 3.5). A third argument is that ! 
an infinite environment of real systems is at best no more than a ! 

m 

good approximation and a final point that applying our symmetry ^ 
principle might provide additional insights into the processes ^ 

studied themselves. ~ ^ 

In our analysis to follow, we depart from models in which all sub- 
systems are finite and symmetrical in their properties and, when 
appropriate, we let one of these subsystems grow beyond all bounds 
creating an asymmetry. This special subsystem can then be inter- 
preted as "the environment". 



1.2. Aim, scope and limitations of study 

The study reported here forms a first basic theoretical account 
within a project entitled "Economic pricing principles for energy 
in different forms", a project sponsored by the National Swedish 
Board for Technical Development. The underlying objective of this 
project is to develop principles for determining the economic valU'i 
of energy as it appears in a variety of disguises in order to find^ 



methods to be applied to practical problems when comparing alter- 
native energy sources, alternative transformation equipment, the 
value of domestic insulation activities and similar questions. 

As mentioned in section 1.1 there are two basic ideas underlying 
the developments to follow, the first being the observation that 
energy as such is indes tructable and the second that useful energy 
should be viewed as a quantity symmetrically dependent on charac- 
teristics of the sources and sinks forming the system from which 
it is extracted. The symmetry principle will be illustrated in 
section 1.3. 

The idea that energy (as such) cannot be a scarce resource due to 
the energy principle has previously been given attention in lite- 
rature, but in such contexts little or no work appears to comb>ine 
such a principle with the theoretical body of economics, i e to 
the main established theory dealing with the allocation of scarce 
resources. A few examples of ideas in literature coming close to 
ours will be given in section 1.5 below. 

The following citations might illustrate how some authors have 
recently felt about the "principle of energy affluence" and the 
need for resolving this apparent paradox. Koefoed [1977, p 55] 
remarks at a NATO conference on thermal energy storage: 



"Energy, for one thing is a well defined concept, but the word is 
used abundantly to mean rather free energy, available energy or 
latent work; recently the word exevgy has been proposed for this 
interpretation. 

Since energy is alv/ays conserved, we- need not bother much about 
it here; the energy crisis is actually an exergy crisis ... . " 



Thus Koefoed attaches scarcity to energy in a specific pure form, 
exergy. A similar argument put forth by Weinberg [1978, p 153] 



follows his critique of a narrow-minded application of the first- 
law efficiency concept (the ratio of work output to heat input, 
cf section 3.2 below); 



If energy is a scarce resource then clearly there is advantage in 
using it as efficiently as possible, and radicals and conservatives 
agree that high first-law efficiency is desirable. 

But this in a way is misleading. As the late Professor Joseph Keenan 
has pointed out, there can be no scarcity of energy because, accor- 
ding to the first law, energy is conserved. Rather, what we lack is 
energy in a useful form. The usual thermodynamic measure of the use- 
fulness of energy is the availah^tity , ... 

Since energy at high availability is relatively scarce, whereas 
energy at low availability is abundant, it makes thermodynamic sense 
to use energy of low availability for tasks that can be done with low 
availability, energy of high availability only for tasks that really 
require high availability." 



A similar point was previously made by Berg [ 1974 , p 34] -concernin< 
’’energy conservation": 



"In present efforts to conserve fuels a great deal has been written, 
spoken, and in some instances even calculated concerning the possi- 
bilities to conserve "energy". As students of thermodynamics know, 
the first law of thermodynamics guarantees that energy can be 
neither created nor destroyed; thus it would hardly seem necessary 
to have a national policy addressed to its conservation." 



In economic systems, prices play the role of comparing the value 
of different products or services, this value determined by their 
usefulness in relation to their scarcity. It would therefore appea 

to be an obvious step to investigate the effects that different pr: 
would have on the supply of and demand for availability (exergy et 
Such considerations also form a substantial part of our treatment. 



Economic problems are usually stated as the maxim.ization (or mini- 
mization) of some objective function such as profits, costs, utility 
etc subject to constraints of various kinds, i e budget constraints, 
production opportunities, etc. For our purposes there v/ould be two 
lines of approach; one being to depart from the exergy concept 
viewing this as the scarce resource to be entered into one or several 
constraints, the other, more basically oriented, using the second lav/ 
as the constraint. The first applies the second law implicitly, 
already having used it in order to arrive at the exergy concept, the 
second approach applies the second lav/ explicitly, virtually v/ith- 
out needing to refer to any preliminary knov/ledge about the exergy 
concept at all. 

The second line of approach is the one chosen, mainly for the reason 
that an economic theory of energy scarcity should be more acceptable 
if it rests on basic physical principles rather than on concepts 
developed from the same basic principles. It would indeed be aston- 
ishing if such an approach led to results in conflict with the 
alternative direct application of the exergy concept. It will be 
shown that there is no need for anxiety. The consequences' derived 
from a straight forward reference to the second law are readily 
reinterpreted in terms of exergy. In fact, this would imply that 
exergy could be defined starting out from an economic theory to 
which the second law is applied instead of basing it on physical 
relationships alone. 

Despite the fact that our economic m.odels will establish that exergy 
indeed is the physical entity to which an economic value should be 
attached, i e that an exergy price should be the economic norm, we 
shall devote a great deal of space to the exergy concept itself. 

The reason for this is that there appears to be a need for developing 
exergy as it appears in literature to more general systems of refe- 
rence, in particular to multi-source systems . This is also one 
argument underlying our interest in the symmetry principle. 
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In brief, the aira of this study has been to investigate what 
constitutes the economic scarcity of energy in different forms 
and, consequently, what economic evaluation should then be attachej 
to different qualities of energy. In pursuing this objective a 
number of issues have been raised, especially the need for a coherii 
measure of energy quality and the need of viewing "the environment 
of a system in more abstract terms. 

'I 

The product of this study has become a sort of mixture of some basj 
thermodynamics and some basic economics. Due to the limited numbe,, 
of similar approaches in literature, the one undertaken has been 
exploratory to a certain extent, and there might be imbalances in ;i 
level of significance attached to different items as well as in th 
logical stringency applied in different sections. Apart from limi- 
tations of this nature, there has been a need to limit the richnes 
in the models set forth for different reasons. V7hen defining chara 
teristics of the sources from which energy is to be extracted, or 
of the lowest quality of energy required in order for it to be use 
for a certain purpose, etc, often temperatures V7ill be used as t 
single significant property. Despite of this , it appears as if ma 
limiting assumptions of this kind can be relaxed fairly easily in 
the future. 



1.3. The symmetry principle 

In every treatment on exergy or related concepts that we have foun- 
in literature, explicit reference has been made to an "environment 
having certain constant properties such as a given temperature, a 
given pressure etc (constant intensive properties) . In som cases 
this environment is referred to as a "medium". Also this environ- 
ment surrounds one single object (an exception being [Evans, 1969, 
p 101]), the work potential of which is to be determined. The 
environment is considered infinite in its extensive properties 
(volume, material contents etc) which justifies that any interactic 



between the object and its environment cannot affect the intensive 
properties of the environment other than negligably. In one case 
[Evans, 1969, pp In, 104-110] the constant properties of the environ- 
ment have been replaced by the corresponding equilibrium properties 
that would hold v;hen the object and the environment have been brought 
into equilibrium with one another. If the formulae set forth are 
supposed to hold also when the equilibrium intensive properties of the 
environment are different from their initial values, e g v;hen the 
environment is finite, such a conclusion would be in error [cf proof 
in section 5.5], With constant properties of the environment, these 
necessarily coincide with the equilibrium properties. Hence, in 
every case we knov/ of from literature, the environment has been given 
constant intensive properties. 

These two assumptions, (i) an infinite environment and (ii) a single 
object studied, limit the applicability of the exergy concept for 
our purposes. In the chapters following vie shall therefore develop 
expressions for cases in which more than one source of energy exists 
and in which the environment need not be infinite nor have constant 
intensive properties. Formulae applicable to cases in which the 
environment has constant properties may then be obtained by forcing 
the extensive properties of one of the participating objects tend 
towards infinity. 

In order to obtain expressions applicable to cases in which the 
environment is finite or when no special environment is distinguishable, 
all objects of the system studied need to be treated on a par with 
one another and no special significance may be attached to any single 
object. This is the idea underlying the syr'.mevry principle . In more 
abstract terms, if characteristics of the energy to be extracted 
from a given system are considered to be a function of the set of 
properties pertaining to each object of the system, the enumeration 
of these objects can have no influence on the characteristics of the 
extracted energy. In other words, the function describing such a 
relationships must be a symmetric function in its arguments. 
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Consider a system of N objects, the properties of the ith object 
collected in a vector x.. If y is a characteristic of the energy 
to be extracted, we have a functional relationship of the form: 

y ~ ^ 2^ (1»1) 

The symmetry principle now prescribes that f is invariant with 
respect to any permutation of the vectors x j = Such ; 

0 I 

a permutation may be written IP, where X is the matrix into which ; 
the vectors are arranged as columns and ? a quadratic //-dimensiona 
permutation matrix having precisely one unit-valued element in eac 
row and column and zeros elsewhere. The symmetry principle states 
that : 

y = f(XP), for all P (1.2) 



A simple example illustrating this principle is the following. 
Consider a perfectly inelastic collision between two bodies in 
colinear motion,- these bodies having the masses ct and the 
velocities prior to the collision (with respect to some 
frame of reference) . Since the momentum is conserved , the mutual 
velocity after the collision will be: 



0 

j + 



^ 2^2 



rui + 



(1.3) 



The difference in total kinetic energy before and after the colli- 
sion is: 

, 0 0 ,2 

(v^ - 



This is the amount of energy transformed into heat and deformation 
energy etc. It is clear that since (m 2 j Vj) characterizes body 1 
and ^2^ body 2, an exchange of these two vectors should have 
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no influence on Af, i e it should be irrelevant how the bodies are 
enumerated. This is also verified by (1.4); Af is indeed a symmetric 
function of the two vectors. ^E also is the amount of exergy 
consumed in the collision, whereas no energy is lost. 

If v/e now let, say m^, tend towards infinity interpreting body 2 as 
an environment (such as a stone wall firmly built into the ground 
into which a car drives) , then the amount of energy transformed 
becomes : 

, 0 0 ,2 2 

rn^lv^ - v^J rn^v 

lim lE - ^ - — I — (1.5) 



i e we obtain the ordinary expression for the initial kinetic energy 
of a single body expressed as a function of its own mass and its 
initial velocity relative to the infinite environment. 

This is an asymmetric treaUnent violating the symmetry principle, 
but nevertheless for many purposes an accurate and useful approxima- 
tion. 

As a second example, let us consider domestic gas piped into house- 
holds for heating purposes. A common belief is that it is the gas 
that by itself transports the energy to be extracted. Hov/ever, the 
energy released when burning the gas is a function of the chemical 
properties of the gas and of the surrounding air, the amount of 
which is assumed unlimited. Energy does not come in pipes, but gas 
does. The asymmetric view would also be caused by disregarding the 
infinite environment, i e the surrounding air, as part of the system 
from which heat is to be obtained. No doubt there is an implicit 
economic explanation; gas is the scarce resource we pay for, whereas 
air is free. On a hypothetical planet, the atmosphere of which were 
hydrocarbons and where oxygen v/ere to be found in the ground, oxygen 
would be interpreted as the fuel "carrying" the energy. Viewing 
energy as a kind of fluid would be an idea dating back to the ancient 
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days of Empedocles and Heraclitus (500-400 BC) assuming fire (puros'< 
to be one of the basic elements constituting the Universe, or lat€;| 
to Stahl (1660-1734) who introduced the fire substance flogiston 
into the science of chemistry. 

A few arguments underlying our symmetry principle have already bee;, 
mentioned in sections 1.1 and 1.2. Let us add one further point. 

I 

authors [cf e g Thoma, 1977, p 24, 1978, p 3] have expressed a sli; 
reluctance to using the exergy concept since exergy would have to < 
measured taking a given referential environment into account. AccC' 
ding to their conception, exergy is not defined until an environme' 
is sufficiently specified as to its constant intensive properties. 
As a consequence, for practical application purposes it has also 
been maintained that there is a need that "agreements be made on 
workable global and local standards to be applied in this context" 
[Eriksson, et al, 1976]. However, as will be shown in several insti 
ees, with reference to the symmetry principle exergy may be define 
and calculated without having to use a referential environm.ent . Frt 
a practical point of view, this does not mean that the need for us! 
standards should be downrated. 

1.4. Outline of study 

Of the remaining chapters, three v/ill be devoted to determining tl 
exergy potential of a system of objects under different circumstani 
and two to economic models concerned v/ith energy of different qual' 
ties. Before entering into these main parts of the study, two intr' 
ductory chapters are given, mainly as a brief overview over basic 

I 

thermodynamic relationships and their application to simple energy! 
transformation equipment and to the exergy concept as it appears i: 
literat ure -These two chapters would hardly contain any new develop- 
ments and are included mainly as a service to the reader for defin.j 
concepts later to be used and to stress certain items of central 
importance in the following, such as different aspects of entropy,' 
efficiency ratios and other measures of performance. 



In chapter 4 the exergy potential of thermal systems is treated. 

The term "thermal" is used for characterizing the system under study 
as mainly having temperatures of the objects belonging to the system 
as the essential properties. Each object is thereby given one state 
variable only. In the chapter follov;ing , some ideas are generalized 
to a system of ideal gases, such energy sources now given two basic 
properties. In a final section a more general multi-property system 
is also treated but in less detail. 

The sixth chapter outlines some ideas concerning the exergy of radia- 
tion. This chapter is more preliminary in nature and has been written 
with the application to solar energy in mind. 

Chapters seven and eight introduce economic aspects of the systems 
previously analyzed. This treatment, however, is almost entirely 
limited to thermal systems - temperature being the only variable 
characterizing the quality of energy. One exception (cf section 7.6) 
treating a system of ideal gases ( tv;o-property objects) is included. 
The first of these tw'O chapters is concerned with economic models of 
energy extraction (energy "production" according to every-day par- 
lance) and the second with economic models of energy utilization 
(energy "consumption"). Although no preliminary reference to the 
concept of exergy needs to be made in most cases, it is shown that 
the results obtained are easily reinterpreted in exergetic terms. 

For example, the optimal choice between alternative sources of energy 
to be provided for a given purpose when given the unit costs associa- 
ted with these forms of energy, will be determined by ranking the 
alternatives according to their cost per unit of exergy input inflated 
for second lav/ efficiences in the transf orm.ations following when 
necessary . 

In all economic models treated in which temperature characterizes 
the energy used, a temperature-discounted energy price will be 
shown to play a fundamental role for determining the correct economic 
value of energy in different qualities. In section 7.6 in which 
energy quality also is determined by the pressure of the medium used. 
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a pressure-discounted price will be shown to have a similar funct;; 

Chapter 9 provides a summary and some conclusions that might be d^ja 
from the earlier chapters and also points at a few possible lines |: 
future developments. 



i' 

1.5. Similar ideas in literature I 

! 

As far as we know, the appoach followed in this study has not beei 
undertaken in previous research. There are, however, a few ideas | 
presented in literature that come close. A brief account of those | 
having closest resemblance is given below. 

In a final section of his article "A Steam Chart for Second-Law 
Analysis", Keenan [1932] presents a short discussion on availabil-j: 
(exergy) and "marketability", including the remark that "there ar« 
many indications in the current literature on economics of engineer 
of dissatisfaction with energy as a basis for cost-accounting metlr 
Comparing the heat delivered from a central boiling plant in New h 
to a network supplying office buildings and apartment houses and t 
heat from power plants delivered into the river as "waste", he sug 
an accounting procedure debiting the customers with the exergy of; 
fluid delivered and crediting them the exergy of the fluid returnd 
The unit cost of exergy would be determined "from boiler-plant 
operating costs and fixed charges". Thus Keenan suggests that the 
economic value of heat should be determined by using an exergy pr:; 
as a norm. A similar problem will be treated in section 7.3 regard 
the value of heat delivered from a power plant and it will be shot 
that the basic idea of Keenan is correct, provided that consideraii 
is taken to the loss of potential electricity production when cool 
the plant at a higher temperature in the pipeline network as comp<; 
to cooling it in the river. Also Berry and Fels [ 1973, p 60] sugge; 
that the real costs of energy should reflect wasted thermodynamic;] 
potential, and since the present market does not reflect these, on 
could explore its inclusion in the regulatory process. ! 
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Fratzscher and Gruhn [ 1965 , pp 340-341] present similar ideas, but in 
a more explicit manner. According to their view, the exergy concept 
should not only correctly reflect the technical circumstances but 
also the energy-economic conditions prevailing. The total costs for 
producing electricity would consist of a fixed cost term plus a 
term being exergy consumed evaluated at a given "exergy price". The 
total unit cost of electricity output would then be made up of a 
fixed cost per unit exergy output (depending on the level of opera- 
tions) and a unit variable cost obtained as the exergy price divided 
by the exergy efficiency of the plant. In sections 7.5 and 8.2 this 
type of measure is indeed shown to be relevant for cost comparisons. 

Another model we have found in literature slightly resembling ours 
is presented in an article by Berry, Salamon and Heal [1978] entitled 
"On A Relation Between Economic and Thermodynamic Optima" . The problem 
they set forth is to compare the solution to a cost minimization 
production problem (also possible to interpret as a utility maximiza- 
tion consumption problem) with the thermodynamic problem of deter- 
mining how much -work the factors employed according to such an optimal 
solution would produce in relation to their ideal maximum work output. 
If the thermodynamic efficiency should have a certain minimum level, 
the authors inquire into what additional conditions need to be added 
in order to ensure that the cost minimization problem would fulfill 
this requirement? It is shown that with one energy-related production 
factor and one factor unrelated to energy, the ratio between their 
prices need to exceed the similar ratio corresponding to an optimum 
at the exact point v/here the energy-related input were to have its 
maximally allowable value above its minimum possible value. Also 
the similar problem with one energy- related and two unrelated factors 
is examined. 

Among the approaches found in literature, the one coming closest to 
ours is given in [Borel, 1976, pp 88-93]. Essentially, from an 
economic point of view, the treatment is identical to that of Fratz- 
scher and Gruhn [op cit] . Borel considers the thermodynamic condi- 
tions of a combined thermo-electric power station and the trade-off 
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opportunities between electricity produced and heat delivered. By 
defining an exergy price by dividing the total annual expenses of 
the plant by its total annual potential to provide exergy and ther| 
relating this price to the exergetic contents of heat, he arrives j 
an expression for the dependence of the value of heat on temperatv! 
what we in section 7.2 call the temperature-discounted price. A maji 

'i 

difference in approach to ours, is that Borel directly attaches ar 
economic significance to exergy as a physical norm, whereas our | 
results are derived from economic optimization models and the exeij 
price is then a measure obtained by interpreting conditions of • 
optimality. I 

There appears to have been no previous attempt to formulate econon, 
optimization models applying the second lav; of thermodynamics as c 
constraint, nor any related dual problem. Our models in chapters '• 
follow such an approach. < 
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2 . 1 . 



Introduction 



In this chapter will be given a brief expository description of 
certain fundamental thermodynamic concepts and their relation- 
ships. This overview will be limited to give a sufficient basis 
for our treatment in later chapters and many items of basic 
thermodynamics will therefore be left out, when they are consi- 
dered to be of peripheral use to us in the follov;ing. The 
exposition is elementary for those who are well-briefed in the 
subject, and is mainly intended for the reader who wishes to 
quickly review the field. Some terminologica aspects may be 
significant such as the system.s definition given in section 

2.2, which differs from its usual thermodynamic definition. 

7\.lso some notations arte different from those employed in standard 
textbooks . 

2.2. Definition of system 

A general definition of the concept of a system to be adopted 
below is the following [Grubbstrora, Lundquist, 1975, p 2]: 

"A system is a collection of elements related to each other in 
som manner" . 

We shall typically be dealing with collections of sources given 
certain properties from v/hich energy is to be extracted. Usually 
these sources will constitute the elements of a system. 

In many cases there is a need to take into account the interac- 
tion between the system and objects not belonging to the system. 
Such objects will then be looked upon as belonging to the 
surroundings or the environment of the system. If no interaction 
at all takes place with the environment, v/e are dealing with an 
isolated system, if the system and its environment may exchange 
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energy but no matter it is oloeed, and otherwise it is open, in 
certain cases the environment may be viewed and treated as any 
other element of the system. If that is so, it can be included 
into the system making it isolated. In cases of this kind an 
open or closed system of N elements together with its surround- 
ings therefore will constitute an isolated system of (N+1) 
elements . 

At this point we should point out a difference in the use of the 
term "system" we apply, as compared with its usual connotation 
in classical thermodynamics. In thermodynamics the "system" 
refers to an object or a device etc under investigation being 
distinct from its surrondings with which it might interact. The 
object most often would be a piece of equipment, such as an 
engine, employed as a means for transforming energy of one kind 
into a preferred type of energy output. 

In such a context, the source providing heat to the engine or 
steam to the turbine etc would not belong to the system, instead 
being considered a part of the surroundings. For our purposes, 
however we shall let the term "system" cover not only objects 
such as devices of the kinds mentioned but also include other 
distinguishable objects of a more or less abstract nature, 
particularly heat sources and other energy sources. In cases 
when we specifically wish to refer to a particular energy trans- 
forming object the term "device" or some similar expression wil.' 
be used. To summarize, a "system" will usually refer to more 
than one object and include sources (and also sinks) and, the 
"environment" will be interpreted (when appropriate) as a 
portion of the universe not including the system under investi- 
gation. 

Usually the environment will be infinite in som property (such 
as having an infinite heat capacity) and uninf luencable in some 
property (such as keeping a constant temperature which cannot b< 
affected) . In a few of the models we are to treat, we shall 
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initially let all elements be finite in their dimensions and 
study consequences as to the behaviour of such a system, after 
which one element is made to grow beyond all bounds/ and v/e then 
interpret that element as an "environment" . 



2.3. Element properties and states 

The stats of an element is a complete discription of its condi- 
tion at a given point in time. The state is fully determined 
when values have been assigned to a sufficient number of state 
variables such as temperature, volume, pressure, density etc. 

Since the state offers a complete description of the element at any 
point, any historical developments it might have undergone that 
may be of significance for its future interaction with other 
elements or for its own future development must be included v/hen 
describing its state. This means that the state covers the 
memorizing of any important historical events. If a state is 
given, then the path by which that state was reached can have no 
additional effect on the future of the element. For example, the 
state of a particle of a given mass m in free motion is" given by 
its three space coordinates and three velocity coordinates. 

The variables used for describing a state are propert-Ce s of the 
element. Certain properties such as temperature or pressure are 
amenable for being measured by suitable instruments, whereas 
others such as internal energy or entropy are theoretical proper- 
ties only accessible for measurement by indirect means. A 
property may be a derived property in the sense that it is defin- 
ed by reference to other already known properties, such as 
enthalpy being the sum of internal energy and the product of 
pressure and volume. In our treatment we mainly confine ourselves 
to deterministic properties, i e properties that are assumed to 
undergo no stochastic variations. 

It is custoraany to distingmsh between intensive and extensive 
properties. Intensive propecties refer to some point of the 



2.3 



object, such as temperature, pressure or density etc, whereas 
gxtensive projecties depend on the extension of the object as a , 
whole, e g its mass, its volume, its total internal energy etc. 
Usually the objects are considered to be homogeneous in their 
intensive properties, meaning that their temperature and other 
similar properties are the same throughout the entire body at 
any particular point in time. 

The state space is an abstract space in which each of its 
points refers to a state. A process involves a change of state 
and therefore refers to a path in state space, h cyclic process . 
starts in one state and returns to the same state. A process 
during which the temperature of an object is kept constant is ai, 
isothermal process, if the pressure is kept constant it is 
isobaric and if the volume is kept constant it is is ochoric . 

Properties of an element are often related to one another eithei 
by definition, or shown to be related by experiment and expe- 
rience. If a certain property at all times is functionally 
related to other properties, the function involved is a state 
function and the corresponding equation a state equation . If z 
is a property related to M other properties by a 

function /: 

2 — ^ ^ 2 ^ ^ 2 ^ ’ ' ' ^ ^ ( 2 . 1 ) 

then / must obey certain requirements. A change in s will be re- 
lated to changes dx ^,dx . ^dx,^^ according to: 

M _p M 

~ ^ IJt ^^i ~ ^ (2.2) 

i=l ~^i i = l 

where y^ - Since c is a property, its change in value cannc 
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be influcenced by the path^by which the state involving :3 is 

reached. This means that Z y .dz . is an exaot differential, 

i. = l ^ ^ 

a differential having coefficients y^ that obey: 



such 



95/ • 

— = = (2.3) 

‘“j “"t 

M 

A given linear differential form Z y .dx . can therefore be 

i = l " 

checked as to whether or not it refers to a property change bv 
studying if its coefficients do or do not obey (2.3). 



A coefficient y . in an exact differential is concugate with 
respect to the corresponding property and vice versa. From 
a given state function (2.1), new property variables may be 
defined by a fugsndre transformation having the general form: 



V - ^ _ 



J 






(2.4) 



where I is a subset of the set of all indices The 

M 

number of such subsets excluding the empty set is ( 2‘ -1-) , which 
also is the number of possible, new properties that can be 
defined by such transformations. Each such new property is a 
function of its U canonical variables y , k€J_, and x^ , kf.1. 
Differentiation of (2.4) yields: 



dY - 
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(2.5) 



from v/hich is seen that 



37 



- y 









and 
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The 



original properties and their conjugates can therefore be re- 
covered by simple differentiation of the new property. 
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2.4. 



The first law of thermodynamics 



An element of a thermodynamic system may interact with other | 
elements or v/ith its environment by exchanging heat, work or 
matter. Heat and work are different forms of energy, and matter 
in a relativistic meaning, also manifests itself as equivalent 
to energy. According to the first law of thermo dynami as (the 
energy principle , the conservation law) energy may neither be 
destroyed nor created in any physical process. Using the nota- I 
tions dQ for an amount of heat absorbed by the object and dW 
for an amount of work performed by the object (dQ<0, dW>0 for 
heat delivered from and work performed on the object) and dis- 
regarding the exchange of matter, the difference (dQ-dW) is an 
net energy supply to the object. Such a difference must account 
for a change in the state of the object and thus in a change in 
one or several of its properties. Depending on the detail by 
which the object is described, the net energy absorbed or 

delivered will cause changes in properties describing the forms, 
of energy that the object may possess. Such forms for .instance 
may be kinetic energy (from an ordered motion of the. particles 
constituting the element) potential energy, chemical energy, 
magnetic energy or internal energ_y, the latter property encom- 
passing the disordered microscopic kinetic energies of the 
particles (and subparticles) . For an element not undergoing any 
change in other energy forms than internal energy, we must 
therefore have; 

dU = dQ - dy (2.6) 

where dU is the change in internal energy resulting from the he' 
abscrptionciQ and work performance dli . Since £/ is a property, dll 
will be an exact differential, whereas dQ and dW usually are no, 
The internal energy is thus a theoretical concept not accessibl 
to direct measurement, its existence only postulated by hypo- 
thesis. 
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Eq (2.6) therefore describes the first law in the case v;hen only 
the internal energy undergoes a change. In the special case of an 
isolated element we would have dU=0. Processes involving no 
exchange of heat, ie dQ=0 throughout the process, are named 
adiabatic processes. 

2.5. Equilibrium states and reversible processes 



An equiUhvium state of an object is a state that will not change 
except from external influence. Such an influence may for 
instance be to force the volume of the object to be compressed. A 
reversible process {quasi-s tatio process) is a process that takes 
place along a path interconnecting equilibrium states duri.ng 
which work is performed on or performed by the object and heat 
absorbed by or delivered by the object. The process is reversible 
if the same set of states can be transversed in the converse 
order by reversing the sign of the work and/or heat differentials 
and taking them in the opposite order. 

If work is performed by an object on its surroundings 
by expanding its volume by dV reversibly, it is necessary that 
the pressure of the object is counterbalanced by an almost 
equally large external pressure. Using p to represent the 
pressure of the object, the standard notation p being reserved 
for prices to be introduced later, if a were greater than the 
expernal pressure a , the object would perform an expansion 
work o-gdl' and would simultaneously create dissipative kinetic 
energies in its surroundings so that the net work on the sur- 
roundings would be less than adV . The reversible expansion 
process thus performs the maximum possible work on the environ- 
ment and, conversely, the reversible contraction process requires 
the minimum amount of work e.xerted from outside. An exact coun- 
terbalance of pressures would neither permit any expansion nor 
any contraction, and real processes taking place in finite time 
are therefore irreversible. Hence for a reversible process we 
may write: 
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I 



dU - dQ -adV 



(2.7) 



Any spontaneous change that an object undergoes must be irre- 
versible, since its initial state then could not be an equili- 
brium state. Therefore, all reversible processes must take plac 
with the aid of some outside influence. 

2.6. The second law of thermodynamics 

The second law of vhermo dynamics {the entropy principle) pres- 
cribes in what directions changes in state may take place durin 
the interaction between elements of a thermodynamic system. 
Entropy S may be defined as a state variable related to heat 
absorbed by an object during a reversible process : 



dQ = TdS 



( 2 . 8 ) 



v/here T is the absolute temperature .at which the heat dQ is 
received. 

The inequality of Clausius states that for any process along a 
closed path we must have: 



1 dQ 
j T - 






(2.9) 



where the equality sign must hold for a reversible process sine 
dS in (2.8) is a differential of a property and therefore exact 
Hence, if a cycle takes place in an object such that a sponta- 
neous and therefore irreversible chancre between two states {1^2 
takes place initially, after v/hich the original state (2) is 
restored by a reversible heat exchange, we must have: 

2 . 1 

p- = < 0 ( 2 . 10 ) 
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neous sible 
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since dQ is zero in the spontaneous process represented by the 

first integral in the middle member. Therefore entropy increases 
2 1 

(S -S >0) in any spontaneous process. 

In an isolated system of objects, only spontaneous changes may 
occur. Therefore the total entropy of the system must increase 
if any change is to take place. Consequently an isolated system 
in a state of equilibrium possesses its maximum entropy. The 
second law may thus be written; 



AS > 0 (2.11) 

where S refers to the total entropy of an isolated system, i e 
any system considered together with its surroundings. 



Let us again consider the closed 
path {lj2) and a reversible path 
a closed path integral over dU 
(2.8) we obtain: 



path made up of an irreversible 
(2^ 1 ) . Since U is a property 
vanishes and using (2.7) and 
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odU - 


dU + 


(TdS - adV) = U^-U^ 
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(TdS -qdV) = 



irrs- rever- 
ver- szble 
sib I e path 
path 

Since the two states are arbitrary, we therefore 



0 ( 2 . 12 ) 



have : 



TdS - dU + adV 



(2.13) 



which is the simplest form of the Gibbs f-xr.darr.er.tal equavior. 
and holds for a reversible or an irreversible process. More 
general versions of this equation are given in (2. 31), (3.59) 

and (5.55). Also since adY _> d,V, we have; 

TdS > dQ (2.14) 
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with equality for a reversible process. The difference between 
the left-hand and right-hand members defines a differential 
which is the entropy production dS : 

TdS - TdS - dQ (2.15) 

i e the entropy increase above the change justified by the heat 
transfer in a reversible process. Integrating this equation 
along a closed path gives us: 




which leads back to the Clausius inequality (2.9) . When there i’ 
no heat exchange, ie the process is adiabatic, we obviously hav' 

A 

dS = dS . Any change in entropy is then irreversibly generated. 

The second principle makes a firm distinction between work and 
heat, despite the fact that both are different forms of energy., 
The two classical formulations of the second principle are as 
follows : 

The Clausius statement 

It is impossible to construct a 
cally having the only effect to 
a warmer body. 

The Kelvin-Flanck statement 

Iv is impossible to construct a 
cally having the only effect to 
from a single heat source. 

Both of these two formulations follow from the inequality of 
Clausius. Concerning the Clausius statement, assume the colder 
body to have a temperature and the warmer to have and let 
s f si^ential amount of heat transferred to the warmer body be 



device that operates cycli- 
perfovm. work and exchange heat 



device that operates cycli- 
transfer heat from a cooler to 
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dQ . and to the colder bodv be dQ . , negative values of these 

1 “U 

amounts being heat received by the device. For a cycle the net 
internal energy as well as the net entropy is zero v;hich implies 
that I dQ^ + o dQ ^ = 0 and that the only net entropy change 



'0 



occurs in the e.nvironment of the device: 



AS 





dQ^ > 0 



(2.17) 



which obviously contradicts > 0 and T^>T^ Concerning the 

Kelvin statement we have dQ ^ = 0, whereas a net amount of work 

r 

V - > 0 is to be provided. The net entropy change of 

J ^ 

device and environment is there: 



AS 



7 




> 0 



(2.18) 



v/hich contradicts W>0 . Hence the devices described in the two 
statements cannot exist. The second principle v/ill be used 
extensively in chapters to follow in order to distinguish between 
energy forms of different quality, work being of highest quality 
attainable. In the course of entropy being produced, energy is 
degraded from higher to lower qualities and the generation of 
entropy is the physical explanation for energy, in itself 
indestructable , being a scarce resourse. If the second law 



(or any equaivalent law) were not valid, energy would be a 
free resource. The lack of a second law v/ould also have 
far-reaching consequences for the very basics of physics concer- 
ning among other things the flow of time (what is past, present 
or the future) , or the possibility to record events, i e to 
memorize, and to the question of life itself. 
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2.7. 



Typical entropy generating processes 



2_^7_^l^__Heat_conduction 

One of the simplest forms of entropy generation takes place in 
heat conduction. Consider two bodies to be connected by a con- 
ductor ( cf figure 2.1) one having the lower constant temperature 
T ^ and one the higher constant temperature T ^ . Consider an ele- 
ment of the conductor between coordinates x and x + t^x. When Ar is 
small, the boundary temperatures of the element differ only 
slightly and the element will almost be in thermal equilibrium 
with its surroundings. The entropy production rate in the 
element due to the inflow Q and outflow of heat -Q will be made 
up of two terms and accorcing to (2.15) is: 

" _ Q Q - 

AS - out flow X(x) T(x+Ax) 



= -Q 



AT 

T(x+^x)T(x) 



(2.19) 



where the two terms in the middle member vanish since there is 

no net change in state of the element in an equilibrium case. 

The total rate of entropy generated will thus be: 

T 

2 



S = -Q 



7 -- 



( 2 . 20 ) 






If the conductivity is k and the cross section area of the con- 
ductor A, we also have Q - Ak(T -T ) , which gives us: 



S = 



Ak(T^-T^)^ 

12 



AkT^T^ 



( 2 . 21 ) 



This shows the entropy generation rate to increase quadratically' 
with the magnitude of a finite temperature difference and with ' 
the magnitude of a heat flow. 
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flow 





Figure 2.1. Entropy generation due to heat conduction 



It is instructive to associate an entropy flow with the heat 
flow in the conductor, both having the sane direction, as is 
also shown in figure 2.1. Although the heat flow is preserved 
along the conductor, this is not true for the entropy flov;, 
since entropy is generated in the process. The entropy leaving 
the higher temperature body is Q/T ^ and the entropy reaching the 
lower temperature body Q/T ^ , the difference being entropy 
generated Q ( 1 /T j-1 /T as also given by (2.20) . 

2 _^ 7 _^ 2 _^ • 

As a second instructive example of entropy generating processes 
v;e consider a system of two compartments having a mobile wall 
(no friction) as is shov/n in figure 2.2. The compartments are 
filled with tv;o different ideal gases. An ideal gas is defined 
by two characteristics, viz that its internal energy y is a 
function of its temperature alone, and that its pressure, volume 
and temperature obey the universal gas law. 

aV = RnT (2.22) 
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where a is pressure, V volume, n number of moles occupying this 
volume, - absolute temperature and R the universal gas constant 

R = 3.3144 [Ws mo le~^ K~'] (2.23) 

The first property may be v/ritten as the condition: 

H » (2.24) 

The heat capacity at constant volume is defined by: 




which can only depend on T, since 7 is a function of T alone. W 
shall assume the heat capacities of the two gases considered to 
be constants and c^ respectively. 

For an ideal gas with constant heat .capacity, its entropy, 
being a state function, may be derived by considering a rever- 
sible process involving a heat increase by dQ and a simultaneou 
work differential performed by the gas on its surroundings by 
adV . The net change in internal energy is therefore: 

dU = dQ - adV = TdS - adV - cdT (2.26) 

Using (2.22) and solving the resulting differential equation 
gives us: 

S = + c logT/T^ + Rn logV/V^ (2.27) 

where are initial values of the tv/o state variables. The 

entropy S is defined up to an arbitrary additive constant S^. 
However, according to the third law of thermodynamics {Nernst's 
law), entropy has an absolute zero at T=0 . For all practical 
purposes, only differences in entropy are of interest and the 
constant Sg can therefore be omitted. 
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Let us now consider the system depicted in figure 2.2. If the 
two gases initially are different, then obviously the volume 
having highest pressure will expand and the other volume cont- 
ract. Since it is a spontaneous process, it is irreversible and 
the total entropy of the system v;ill increase. Initially we 
assume the v;all to be a perfect insulator, making the process 
adiabatic . 



Figure 2.2. A two-compartment system containing different ideal 



The motion of the wall will end when the two pressures are equa- 
lized. As a second step we let the wall be a heat conductor 
enabling also the temperatures to equalize. This raises entropy 
by an additional amount. Thirdly, we let the two gases mix by 
taking av/ay the wall. This also will add to entropy. As a final 
step we investigate what effect the ratio between the number of 
moles of the tv;o gases will have on the entropy level. The total 
volume is assumed to be fixed at the level 7. 

The system is perfectly isolated from its environment which 
means that the total internal energy must remain constant: 



where superscripts zero denote initial values. This equation 
shows that the two te.mperatures are monotonically decreasing 
functions of each other: 




gases 





(2.28) 




2 



2 



< 0 



(2.29) 
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The condition of equal pressure will relate final volume to 
temperature: 



= 



Rn-i 






- a , 



from which we obtain: 
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(2.30) 



(2.31) 



The change in entropy of compartment 1 will therefore be: 



= '=1 



+ Rn^ log 



n T V 
11 






(2.32) 



which is a strictly increasing function of and a decreasing 
function of T^. Hence we have: 



dS^ 3S^ dT^ 

dT^ ~ * Tt^ ’ d¥^ ^ ^ 



(2.33) 



and a similar condition for S^. Since any change in is 
accompanied by an opposite change in T entropy will increase 
for one of the compartments and decrease for the other. The 
possible end states of the process have to satisfy: 



S = 



^1 " 



^2 -- 



log- 



Rn log 



n.T.V 

~1 1 



(r -hn T ) 

^ 1 1 2 2^ 1 



* 



+ Rn^ log- 



"2^2^’ 



(n T +n' )'R 

'll "^2-2^ 2 



(2.34) 



together with (2.28). S also equals S since the system is iso- 
lated. A total differentiation of S with respect to yields: 
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dS 

dT 



(2.35) 
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Rn^n^ 



+c 

J. 1 

5^ Tn T 
11 2 2 



The volume having highest initial pressure v;ill intially per- 
form work on the other volume and a subsequent damped oscilla- 
tory process might be expected. Thus the volume with highest 
initial temperature will reduce its internal energy and there- 
fore its temperature, raising the temperature of the second 
compartment. Solving the inequality (2.34) combined with (2.28) 
will give the permissible end states. The interval obtained will 
neither have nor as end points. 

When T ^ > T i. q: 

+ c^(T^^-T^) > 0 (2.36) 



there will be an opportunity to increase S further according to 
(2.35) by raising and lowing (by conduction) and vice 
versa. S will thus take on its maximum for this second_process 
when : 



0 0 
c T + a 

^ri ^ ^2~2 
^ 1^^2 



(2.37) 



Inserting these values into (2.34) gives the total increment in 
entropy from the tv/o processes combined. Assuming that these 
have taken place, we now study the effects of taking the v;all 
av/ay allowing the two gases to mix. The additional increment in 
entropy then becomes : 



AS ^ Rn^ log-^ + Rn . log-^ i.-4- 

n-i y ^ y 



(2.38) 



where is the new volume of gas 1 etc. Obviously AS increases 
both in 7, and V and the maximum enrropy v;ill be obtained v/hen 
both gases occupy the total common voliune V: 
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n 



(2.39) 






where n is the total number of moles 



Differentiation of this expression shows that d>S will take 
on its very maximum for n.=n/Z and will approach zero either 
when n,-*0 or n^-n. Hence entropy will have its greatest value 
when the gases have the same molar content, ie when the number | 
of molecules of each kind are equal. This gives us the value: , 



.iS - Rri Loq 2 (2.4 0) | 

max 

This also gives an indication that entropy is related to 
combinatorial and probabilistic measures, which is the statistij 
cal interpretation of entropy to be described in section 2.8. 

The description above has had the purpose to show how entropy 
may be generated from a number of different causes, first from 
an equalization of pressures, then of tem.peratures , then a ^ 

mixing and finally by choosing the molar contents equal. A 
different pressure equalization process involving a substantial, 
entropy generation takes place in throttling. I 

i 

2^1 ^3^ _Practical_real-lif e_exa.mples_of _entroDv_ 2 enerat ion . 

Despite the fact that energy as such is never destroyed, it 
still is considered as a scarce resource. This is entirely due 
to consequences of irreversibilities taking place in all natura 
processes. As already pointed out, any spontaneous change i 

necessarily produces entropy as does any induced change taking ' 
place in finite time, since such changes can only be made when 
having caused imbalances. It is therefore not energy in itself 
that is required, but rather energy in a specific form so that 
its interaction with the object considered will restore the 
state of the object to a desired level or cause som.e other 
desired change in its state. 
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Typical examples of practical entropy generation may be heat 
conduction into or out of domestic spaces, pollution in its 
various form, aging including metabolistic processes, friction, 
wear and" tear etc. 

The human body requires a surrounding temperature in the neigh- 
bourhood of 293 K. Outdoor temperatures, however, often differ 
quite much from this desired level. In cold regions a desired 
indoor temperature will exceed the aifibient temperature causing 
a non-zero temperature gradient, which, since the shell of a 
domestic area is no perfect insulator, gives rise to a flow of 
heat tending to equalize the indoor and outdoor temperatures , 
i e to increase entropy through heat transfer. In order to pre- 
vent the indoor temperature from dropping, an outside delivery 
of energy compensating for the entropy flux to the exterior must 
be undertaken. In order for the indoor temperature to be resto- 
red, the delivered energy must have a higher temperature than 
the desired level for an entropy influx to occur. If the energy 
delivered is carried in the form of -hot steam of temperature T^, 
the indoor temperature is f,, the outdoor temperature and 
the heat outflux Q, then, according to (2.20), total entropy 

will increase by STf, t ^ from the leakage through the walls 
-1 - 1 ^ ^ 

etc and by Q(T^ -T ^ ) from the interaction betv/een the radiators 
and the indoor air when the space is heated, i e a total of 

Since entropy generation diminishes the future availabilities to 
create desired changes in state (e g to keep houses warm) , from a 
pure resource point of wiew it would be desirable to keep the 
rate of generation as low as possible, which implies that we 
ought to feed houses with energy having a temperature only 
slightly above the desired level. In such a case, hov/ever, the 
heating process would take place slowly, perhaps so slowly that 
the desired level never could be reached. However, in the case 
of resistance heating of domestic areas, it is still very far 
before we are close to any such limit. One might view this 
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problem as an allocation process over time. If results are to be. 
reached rapidly, then greater sacrifices in the form of resourcfi. 
consumption are inherently present. 

Whe.n the ambient temperature is high, there is a desire to 
create an entropy outflux. A simple analogy with the space hea- 
ting process v/ould be the delivery of an ice block to be used 
for cooling indoor space. Since a heat outflux implies a 
decrease in total entropy, a process restoring a lov/er tempera- 
ture must involve som external increase in entropy. An example 
is keeping watertanks on house roofs in hot climates. The 
evaporation of steam, similar to a mixing process, keeps the 
roof temperature low while creating entropy in a typically 
irreversible process. A more complicated example is offered by 
an airconditioning system. The heat outflux and associated 
entropy decrease is compensated for by an entropy generation 
using energy of high temperature which dissipates into the 
surroundings during the process. In an airconditioned automobilj 
such energy v/ould be released by oxidizing fuel. I 

The aging of equipment, such as rusting and other corrosion, 
involves a spontaneous process and therefore an entropy produc-j 
tion. Restoring the functional capability of the equipment woulil 
therefore imply a reduction in entropy necessarily compensated 
for by some entropy generation elsewhere. Reinvestments, there- 
fore, must take place at the expense of an irrevocable resource] 
consumption. When some piece of equipment is repaired, if it is] 
done carefully it will take a longer time creating less entropy 
if it is done carelessly it might take a shorter time but at th; 
expense of a greater entropy production. I 

I 

Pollution involving an undesirable mix of waste products and 
nature, also creates entropy as does any contamination. Cleanin 
up therefore decreases the entropy of the object decontaminated' 
simultaneously producing entropy at the other end, e g by waring 
out the cleaning equipment used, by transforming electricity 
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applied to a vacuum cleaner into waste heat etc. In order to 
prevent entropy production we are accustomed not to mix dry and 
damp or clean and dirty washing. The second law requires that 
moist would not be transferred from a dryer to a damper material, 
nor dirt from a less clean to a cleaner material. Since reinvest- 
ments decrease the entropy of an object, it is not far off to 
generalize this statement to cover all real capital accumulation, 
lation. This leads to the observation that all organizing 
activities of humans and other living beings would tend to 
decrease the entropy of the universe. By the second law, however, 
such activities must necessarily be accompanied by some entropy 
increasing process elsewhere. This has been denied by some 
scientists refuting the second law as being invalid to life 
activities. Their opinion, however, appears to be one of a mino- 
rity. An interesting discussion on this topic is provided by the 
dialogue between Sir James Jeans [1934b], one the one hand, and 
F G Donnan and E A Guggenheim [1934], on the other. Other refe- 
rences are Jeans [1934a] and Raymond [1950], and Morod [1972]. 

Transportation horisontally involves no change in potential 
energy. For the process to be carried out in finite time, a 
vehicle at rest must be accelerated, transforming an energy in- 
put (eg from oxidizing fuels) into kinetic energy. Frictional 
forces to be overcome by the vehicle involve work performed oji 
the environment which dissipates into the form of frictional 
heat, particularly when the vehicle is made to stop by applying 
brakes. The service delivered by transportation on a horizontal 
surface therefore involves a "pure" entropy production, i e no 
essential change in state from a thermodynamic point of view 
apart from this. Other everyday e.xamples are easily found. 

As a final example in this subsection let us choose the exchange 
of heat between the Sun, the Earth and the Universe as described 
in [Thoma, 1977]. Solar radiation emitted at qOOO a reaches 
the Earth in the amount of 175QQ0 TW which corresponds to an 
incoming entropy flow of Z3 TV/X. Radiation leaving the Earth 
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is of the same order of magnitude but takes place roughly at 
250 K, corresponding to an entropy outflow of 035 TW/K. Hence ,j 
the Earth has a net outflow of entropy in the order of 300 TW/K |* 
This fact, although a perfectly essential condition, provides a 
partial answer for explanining the opportunity for well-st ructu;,; 
red living organisms to be in existence on Earth. | 

2.8. Entropy from a microscopic point of view | 

In section 2.6 entropy was defined as a state function of an I 
object relating a reversibly absorbed heat increment dQ to the D 
absolute temperature T of the body, dS - dQT . Temperature is I 
an average intensive property of the object and entropy may 1 
therefore be said to have been defined from a maorosoopia point 1 
of departure, i e without relating it to the microscopic partic- 
les and subparticles constituting the object. In this section 
we shall briefly provide a supplementary presentation of the 
concept of entropy from a miarosQop-i.c point of view. : 

We assume the existence of N indistinguishable non-interacting 
particles, each of which may be able to occupy one of several j 
possible energy levels ^ • • • j S/,/* If fh® number of particles! 

occupying energy level e., ie state i, is N., the total energy 
of the object will be: 

M 

y 2 (2.41) 

i = l 

Our treatment will follow the Boss-Bins tain statistics as given 
in i e [Holman, 1969]. For the alternative approach, the 
Fsrmi-Diraa statistics (the Maxwell-Bolzmann statistics being aji 
limiting case of both) , the reader is referred to the literature 

I 

* 

The Bose-Einstein statistics assume that the energy level 
can be attained by a particle in cp . different ways, i e cp . | 

'b 'b ^ 

quantum states. The number cp . is called the degeneracy and \ 

“b ' 
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represents a statistical weight of the energy level . These 
states may be interpreted as the different energy nodes the 
particles may have, such as rotational or translational kinetic 
energies. For energy level e. there are iJ- particles to be 
assigned to the quantum states. If we arrange a sequence of 
the states and the particles such that particles lying in bet- 
ween tv/o states belong to the former state, there will be 
altogether fcp.-I+.V.jl different sequences of this kind beginning 
with a state (which is necessary since each particle must belong 
to a state) . .A.n object in which each individual particle is 
known as to what quantum state it belongs is said to occupy a 
miarosvc,.te . The order in v/hich the states are arranged in the 
sequences is immaterial for specifying the microstate. Since 
there are different ways in which the states m.ay be 

ordered, the total number of microstates will be 
( N .+ip .-2 ) ! / ( {p .-1 ) ! as reaards the t ch eneray level. If the 
particles have no identity of their ovm there will be 
indistinguishable ways in which the particles can be arranged 
in the sequences and the total number of distinguishable 

arrangements of the oarticles in the cuantum states will be 

'N.+p.-l] (Il.+p.-Dl 
u 'L 'V 

The total num.ber of 



reduced to 



p.-l 



N .Kp.-i) : 



distinguishable states of all N particles is therefore 



M 

n - n 
i = l 



22 .+ P .-1 



p.-i 



(2.42) 



The number of states (sometimes called the vhermodynar.i :;al 
probcbitity ) is obviously dependent on the distribution of the -V 
particles among the different energy states. It may be inter- 
preted as the number of possible states of the object as a 
whole, when given its total internal energy and its distribution 
of particles among the energy levels. VJhen this distribution is 
specified the object is said to occupy a certain maorostate. 
Assuming each distinguishable state to be equally likely, it is 
of interest to find the distribution having the largest number 
of states, ie the most likely distribution or most likely 
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nacrostate, which also will be the equilibrium state. 



We therefore maximize 9. in (2.42) ever all distributions subjec 
to the tv/o constraints: 

M 

Z N . = N (2.43) 

•-1 

2 

M 

Z .V . e . - y (2.44) 

. , ^ t 

The distribution thus obtained will have the largest number of 
states and, in this sense it will be the most probable distri- 
bution. Entr'opy may now be defined as a constant multiple k 
of the logarithm of the maximum number of states for any 
distribution, i e: 

S = k log9 (2.45) 

max 

— 2 3 —7 

where k is 3olzmann's constant (1 . 380 ’10 Ws'K ). The reason 
for choosing the logarithm of 9 rather than n itself. is to 
obtain additivity regarding the contribution to S from the M 
energy levels. In order to find the distribution maximizing 
and therefore maximizing log 9, we form the Lagrangean : 

M M 

L - log9 + m(N - I N .)+ \(U - z N .t .) = 

3-1 ^ 3-1 ^ '' 

= I ( Z log 3 - Z log j - Z log j) + 

i=l 3=1 3=1 3=1 ' ' 

M M 

+ '^(N - Z N .)+ \(U - Z N .t .) (2.46) 

3=1 ^ 3=1 ^ ^ 

where y and \ are Lagrangean multipliers. L will be maximized 
for the largest /7 . . satisf vino : 
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('J .) - L(H.-l) 
^ t 



- loq ( .y . - 1 ) - 



log :i. - U 



- A e 



(2.47) 



If N. is larae, we would exoect this in.ecuality to be close to 
an equality, from which we obtain the solution: 



N . 

^.-1 



e "-2 



(2.48) 



The multipliers y, X are implicity determined by ( 2 . 4 3 ) - ( 2 . 44 ) 
giving : 



M 

I 






i=i , 

S -1 



- ;/ 



(2.49) 



M (X> . e . 
I — 
i=l 

e 



(2.50) 



- 1 



From the state equation (2.13) , for an isolated object in a 
constant volume process we find: 



3(2 



(2 .5i; 



If we assume a differential change by £2/ in the parameter 2/ and 
by in the parameter 7, from (2.43)-(2.44) the resulting 
changes in 2/., v/ritten 52/., must satisfy: 

'V 'If 



M 

I 5iV , - 6;/ 
^ = l 



(2.52) 



M 

y e . o/v , - a:/ 

Z=1 



(2.53; 



The resulting change in loaQ. is therfore: 
^ *' '' max 
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TT. - logs.)!,!!. 
^ = l V 



14 

E fu + Xe J 5iV . = u 5/V + X o£/ 

. _ t ^ 

^ = l 



(2.54) 



v/here (2,47) has been used. Hence we obtain 



dlogV. 



V - 



X - 



. 72 ( 20 : _ 



- 7 



<30 



3<V 

3 



- k - 3// 



m<2o: _ 7-2 3S 
3£/ “ 3(/ 



(2.55) 



(2.56) 



The latter equation shows on comparison v/ith (2.51) that: 



X = (kT) 



-1 



(2.57) 



A similar interpretation of the first multiplier p is not 
equally accessible. 

In the case that all 41 ^ and are very large, we may apply 
Stirlings's formula: 

log x! « x(log x - I) (2.58) 

to (2.45), which gives us: 

M ir>. 4J . 

S = k( z 41^. log(l+-^) + cp log(l+^)) (2.59) 

i = l " ^ 

When also cp.>>2/.j log ( 1+41 ./^q . ) » N./o. and we mav write: 

'I Z V ' V 

M 4 ) . 

S = k l log(l+Y^) + kN = 

i = l 

e . 

= k I 41. (v+^) + k41 = k(v + l)N + ^ (2.60) 

, i=2 ^ T 
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which shov;s J as a function of U , f and u. By defining a 
pawi-vion function Z by: 




-£ ./kT 

cp . e 



(2.61) 



we 

U 



find 

kNT^ 



for the 

o uO g Z 
dT 



case cp . > >/V . > > 2 : 

t V 



VI - ku log I 

v;hich enables us to write S as a function of 



(2.62) 

(2.63) 



Z and r alone: 



S 



k^Ul + logjj 



/- 



'hlogZ 



(2.64) 



For a raonatomic Bose-Einstein gas, it can be shown that Z is 

Z / 2 

proportional to T and to V, v/hich used in (2.62) yields: 
y = I kin (2.65) 



Also from (2.13) we have the follov/ing expression for the 
pressure : 



3 7 ' 3 7 



( 2 . 66 ) 



For a monatomic gas Z is proportional to 7 and since y is 
independent of 7, we obtain: 



a = kllTV 



(2.67) 



By comparing this formula with the universal gas lav/ (2.22) we 
find the identity: 



Rk 



7 



En 



-1 



( 2 . 68 ) 
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where R is the universal gas constant, n the number of moles an 

.V , Avogadro's number, ie the number of atoms (or molecules) 

O' • ' 

occupying one mole of any substance: i 



iV, = 6. 023 (2.69) 

U 

Using the two properties of Z for a monatomic gas and applying 
these to (2.64) finally yields: 

S = Sq + kN(j logT + logV) = logT + R logV) (2.70) 

which when compared with (2.27) shows that the heat capacity aJ 
constant volume is given by: ' 



c 





(2.71) 



2.9. EntroDV and information 



In the foregoing section entropy was defined as a constant 
multiple of the logarithm of the maximum number of states that 
a system with a given number of particles could have given the 
total energy of the object. By m.aximizing the number of indis- 
tinguishable states we obtained the most likely distribution of 
energies that the particles would have. A higher entropy 
corresponds therefore to a more probable state. If a measuremer 
could be performed revealing what state the object were in, a 
higher entropy state would provide us with less information and 
vice versa. Hence there is a strong linkage between thermo- 
dynamics and information theory as pointed out first by 
Szilard [1929] and later by Brillouin [1950, 1962] and also 
noted by Shannon and Weaver [1962], who founded the basis of 
infor":j.z ioK zhsovy . ' 
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Information theory is basically concerned with the average number 
of symbols that are necessary to use in order to transmit 
messages from a transm.itter to a receiver, when the messages are 
sent v/ith different probabilities. Each m.essage is coded by 
using a sequence of symbols from a code alphabet of r symbols. 

It may be shown [cf eg Abramson, 1963] that the average number 
of code symbols per message must be at least: 



S 




(2.72) 



where is the probability of the fth kind of message being sent. 
The quantity S is defined as the gnrrcpg of the information source 
and may be given either the interpretation of the average amount 
of information per message sent by the source, or the average 
amount of uncertainty the receiver has before receiving a 
message. The logarithmic base chosen (v) only accounts for a 
measure of unit. A different base will give a different unit, eg 
the base 2 mieasures S in bizs and the natural base g in natz , one 
bit being - .69 3 nats. The greater the value of S the m.ore 

likely is each m.essage on the average, its m.aximum value taken on 
when all y. are eaual . 

The definition in (2.72) may be generalized to cover conti- 
nuously distributed events corresponding to some stochastic 
variable with density jCrj.In such a case S is often defined by: 



00 

3 - - f ffccj logf(x) dx 

— QC 



(2.73) 



It may be shown that am.ong the distributions covering a finite 
interval x^[a/o] the rectangular distribution maximizes 6, among 
those having a given mean and covering the positive axis [9j“[ 
the negative exponential distribution maximizes S, v/hereas among 
distributions covering the entire axis and having a given 
variance, the normal distribution maximizes 3. Entropy according 
to (2.73) is thus strongly related to three frequently used 
continuous distributions. 
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Apart from comparing the two entropy concepts in terms of like- 
liness of states occuring (messages sent) , we may study the 
identical form of (2.72) and the expression for the entropy 
increase when mixing gases (2.39) now generalized to: 



n . 

AS = -R I n . log — 
max . % ^ n 

I 



(2.74) 



where R is the universal aas constant and u . the number of mole 

• t 

of the ith gas amona the cases to be mixed. Since n .U = N. is 
number of particles of the -ith gas, according to (2.68) we find 
that : 



AS 



maz 



— kJ E Y. loa Y. 
. ' Z '• ' z 

z 



(2.75) 



where y- = R ./N is the fraction of particles belonging to the ti 

X- I 

gas. The similarity with (2.72) is obvious and Bolzmann's constj; 
enters in the same way as in (2.45) . Apart from k, which may b^ 

I 

given the value unity by a suitable choice of temperature seals' 
see table 2.1, below, the entropy increase according to (2.75) pi; 
be interpreted directly as the average uncertainty carried by 
each particle as to its classification among the substances 
present. |; 

1 

It may be pointed out that the expression in (2.73) is subject | 
to the weakness of not being invariant with respect to trans- 
formations of the scale r chosen. The product f(x)dx lacks 
dimensionality, whereas fix) has the dimension of probability ; 
per measured unit of . Therefore log fix) depends on the uniti 
of X chosen and so does also S. Jaynes [1962, pp 201-202] pro- 
poses the more general expression - 7 fix) log if ix)mix)~^ ) dx \ 

0 '' ! 
where rfiix) is a measure function describing how, in the limit, | 

the continuous scale x was reached from an original discrete ' 

-7 I 

set of points departed from. Since f (x)m(x) is invariant | 
with respect to transformations of r , so will also 5 be. How- j 
ever, applying this expression will necessitate the choice of i 
basic measure possibly involving an additional problem. I 
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Celsius 


Kelvin 


Scale v/ith 


Scale with 






scale 


scale 


k = l 


II 






T-273, 16K 


T 


T’ = T-1. 330 . i 


T'^=3. Z144T 




Absolute 












zero 


-27Z 


0 




0 




Freezing 
point of 


0 


27Z 


J* 8 •10^^'- 


2Z00 




water 












Body 

temperature 


Z7 


ZIO 


- 9 7 

4. Z -10 


2600 




Boiling 
point of 
water 


IOC 


Z7Z 


5.1 -10 


ZlOO 




Melting 
point of 
iron 


. 15ZS 


1303 


2S • 20~^^ 


15000 




Surface 
temperature, 
of the sun 


6000 


6Z00 


90 


50000 


- 



Table 2.1. Temperature scales giving unit values to k and to R 
respectively 



Some studies have been made regarding the total information 
content in man-made structures from an entropy point of view. 

Thoma [1977] provides an example estimating the information con- 

d 

tent in a steam locomotive (3-10' hits) and in a diesel locomotive 
(33-10' bits) and Berry and Fels [1973] a similar estimation 
concerning an automobile. For further discussions as to the 
identity between the thermodynamic and the information-theoretic 

entropy concepts, the reader is referred to [Brillouin, 1962], and 
concerning the information content related to biological structures 
to [Crick, 1 967 ] . 



2.31 



2.10. Applications of the entropy concept in other fields . 



It has already been pointed out in section 2.7.3 that aging, || 
wear and tear etc, are phenomena revealing the increase of 
entropy. They also reveal the passage of time. A number of 
philosophers, among them notably Reichenbach [1956] and I 

Grlinbaum [ 1963] have indeed defined the time evolution of ^ 

processes as the direction in which entropy increases. Due to tie 
irreversibility of entropy generation, it also acts as a source 
for recording past events, and the lack of such a phenomenon wol 
provide us with no means for memorizing or recording, cf also 
[Layzer, 1955]. Entropy applied to the time evolution of econom'c 
activities is treated by Murphy [1965] and by Georgescu-Roegen 
[1971] . 

Entropy has also been used in many recent cases to provide a 
measure of dispersion as a substitute for the standard deviatio 
or variance etc. Current applications concern e g the size distr- 
bution of firms [Naslund, 1977], structures of traffic networks 
[Erlander, 19&0] and aggregation measures in planning problems 
[Erlander, 1977, Eberstal, 1979]. An interesting overview over 
economic applications (including portfolio theory, inter alia) 
is presented in [Horowitz, Horowitz, 1976]. Arumi [1973] applie 
statistical thermodynamic concepts to demographic theory and 
reaches conclusions well in accordance with empirical measuremet 
A G Wilson [1970,1974] applies entropy maximizing methods to 
regional and urban models of spatial interaction, such as the 
interaction between a residential population and their 
assignment to jobs. 

2.11. Some further basic thermodynamical concepts and relatioi ' 
ships 

In section 2.3 we defined Legendre transformations pertaining |ii 
state function. These transform.ations define new state j 
variables from the differential coefficients of the state functi 
'differentiated. VJhen the internal energy U of an object in an | 
equilibrium state is considered as a state function of its voluj 
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y, its entropy J and its composition described by the number of 
moles of different substances n n , k constituting the 

Q] 3 j 0 Q't/ where M is the n'umber of substances; v/e have a state 
equation- of the form: 



U - U(V,S,n 

i O 



fi 1 



(2.76) 



For differential chances in the variables by dV , dS , dn ^dn ^ , . . . , dr. , 

1 Z lb 

internal energy v/ill change by: 



dU 



11 

9 7 



dV + 



11 

a,'? 



dS 



M 

+ E 
i = l 




(2.77) 



For an object of constant composition all dn ^ are zero-valued and 
a comparison with (2.13) gives us: 



11 

37 



-a 



(2.78) 




ie that pressure (negated) is a conjugate variable of volume and 
temperature a conjugate variable of entropy. The remaining con- 
jugate variables defined by (2.77) are called chemical potenzials 
of the respective substances and v/ritten: 



_ _3£_ 
3n . 



i = l,2. 






(2.80) 



Hence the following differential relationship is valid for 
changes in state: 

M 

du = -adv + TdS + Z dn (2.81) 

'L — 2 '' ^ 



By using the conjugate variables -a and T three new state variab- 
les may be defined by the following Legendre transformations 
(cf (2.4) ) : 



H = U + aV 



(2.82) 
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u 



TS 



(2.83) 



/4 - 

G = U+ aV - TS (2.84) 

These nev; variables are the enthalpy (or total keaf\ H, the 
Helmholz function (or free energy) A, and the Gibos function (o 
free enthalpy) G. j 

Let us now study two bodies in equilibrium, each made up of the 
same components, the same volume and occupying identical states., 
in all respects. If these bodies are assem.bled, then clearly al.l 
extensive properties, ie internal energy, entropy, volume and 
molar contents of the tv;o bodies combined will have values at i 

I 

twice the similar values of each individual body. More generall'. 
if each of these variables are increased or decreased by a scal| 
factor X, we would have: 

'U(x) = xU(l) 

S(x) = xS(l) 

■ V(x) = xV(l)- 
n . (x) = xn . (1 ) 

Assuming a change in scale to take place by dx , we thus obtain:! 

M ^ , 

dU = U(2)dx - S(l) + V(2) + i n . ( 2 ) ) dx (2.86) 

do 9/ 

Since the choice of unit scale is arbitrary and (2.86) must hol< 
for any change dx , we have the following relationship: .■ 

M 

U = TS - aV + 1 y .n^. ‘(2.87) 

i = 2 " 

I 

which must hold for any state. By (2.84) this equation can alsc' 
be written : 

M 

G = I y n . (2.88) 

i = 2 ^ ^ 



i-2 , 2 ^ , M 



(2.85) 
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This means that all extensive properties U,3,V,G etc are linearly 
homogeneous functions of the molar contents . 

Differentiating (2.87) and using (2.73) gives us the Gibbc-D'j.he'n 
equaticn : 

M 

SdT - Vda + Z n .dy . = 0 (2.89) 

» _ -T ^ 

^=l 

which also must hold for any change in state. Under certain 
circumstances the three functions H, A and G may serve as 
equilibrium criteria for the system under consideration. 

In section 6.2 some additional basic concepts and relationships 
will be introduced for applications concerning radiation. 
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CHAPTER 3 . 



ENERGY TRANSFORMATION, EXERGY AND RELATED CONCEPTS 



3.1. Introduction 



The interest in this report is focused on the usefulness of energy 
rather than on energy itself. Of particular interest is therefore 
the potential opportunity for energy from one source or from a 
system of sources to be transformed into rmjhanijal wot< , which 
represents the highest utility form of energy since, in principle, 
in its turn it can be transformed into energy of any particular kind 

This chapter will focus its attention on the potential of a system 
to provide mechanical work. This potential will be called the 
exevgy potenzial of the system in question, exergy being a term 
proposed by Rant 1956, but having a number of related fore- 
runners as well as follov/ers ( free energy , available energy, availa- 
bility, essergy , ideal work, maximum work, thermodynamic potenzial 
etc). B y the exergy power potential we mean the similar rate per unit 

Before giving a brief overview over interpretations of this concept 
which naturally has gained much attention since the early days of 
the steam engine, we shall examine three typical energy trans- 
formation devices from a theoretical point of view, viz the heat 
engine, the heat pum.p and a pie ton-cylinder device. In a final 
section we include some examples of estimated exergy efficiencies 
as described in literature by different authors. 

3.2. Three basic energy transformation devices 



Every textbook on thermodynamics refers to the heat engine as an 
instructive and typical piece of equipment for describing the 
transformation of heat into mechanical work. The engine, connected 
to a hot heat source of temperature T (usually an infinite supply) 
and to a cold heat sink of temperature (assumed infinite and 
interpreted as an "environment") operates in cycles. At the end 
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of each cycle the state of the engine itself is the same as at 

the beginning of each cycle. Therefore there is no net change ;'i 

! 

internal energy, nor in entropy, nor in any other property of ii 
engine. The only changes in state that occur are therefore in -tl 
source and in the sink outside of the engine itself. The twq cc. 
straints limiting the amount of work the engine may deliver are 
the first and second laws, i e the energy principle and the entli 
principle. Figure 3.1 illustrates the energy flows involved. 




Figure 3.1. A schematic heat engine 

According to the energy principle, if during some time interval/, 
Q is delivered from the source and V from the engine, then the ' 
difference must be delivered to the sink. That this differer^ 

is positive is ascertained by the second law. According to 
(2. 20 ) the entropy flow from the source is QT and the entropy 
flow to the sink (Q-W)T^^. The total entropy generation is 
therefore : 

c - 



j > 0 



(3.1] 
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according to the second law. Hence Q-l-J must be positive and the 
entropy principle limits the work output to; 

VI = Q(1-T^T~^) - T^S < Q(1-T^T~^) (3.2) 

The right-hand member gives the ideally maximum work output v;hen 

/N 

S = 0, i e for a reversible process, and this level gives us a 
preliminary definition of the exergy potential E of the source 
(when the sink properties are specified) : 

E = Q(1-T^T~-) (3.3) 

Eq (3.2) is often interpreted as a "transformation" of a fraction 

- 2 

less than or equal to (1-T^T ) of the heat delivery Q into the 

work output W, despite the fact that there is not necessarily 
any such identity betv/een W and Q(1-T^T ^). 

The heat efficiency or first law efficiency n relates the actual 
work output to’ the delivered heat: 

n = I = - ^ < <l-T^T-h = (3.4) 

Implicitly behind the usage of this ratio is an economic idea, viz 
that useful work obtained should be related to heat delivered, 
which is what is paid for. From a theoretical point of viev/, how- 
ever, there is no reason that the ratio of W to Q is more signi- 
ficant than the ratio of W to the flow (Q-V!) (or to any other flow) 
Since the hot source when using r, is viewed differently from the 
cold sink, this efficiency measure violates our symmetry principle 
(cf section 1.3). The right-hand member in (3.4) is the Carnov 
efficiency which gives the upper theoretical limit of the heat 
efficiency (only attainable for an ideal reversible engine) . Since 
Tg always is finite, even the ideal case will never yield an 
efficiency of unity, which the common usage of this term would 
suggest . 
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The fact that, at the best, there is a heat delivery of QT^/T . 
to the environment is also often misinterpreted as being \ 

a waste, whereas it in fact is an inevitable flow to compensate 
for the entropy reduction in the source if any work is to be ^ 
produced at all. The "real" waste is rather the term T^S (lost 
in (3.2) , which accounts for the amount of work not obtained due 
to irreversibilities, i e to the net entropy production S, assun, 
the heat inflow to remain at Q also if S were zero-valued. A 
theoretically more sound efficiency measure is therefore the 
sxergy efficiency or second law efficiency defined by: 







S 

Q(T~q^-T~^ ) 



< 1 



(3.5) 



Also this ratio violates the symmetry principle indirectly. Thisi 
is due to exergy E having been preliminarily defined in (3.3) bi' 
using the heat inflow to start with, i e attaching a special 
significance to the hot source. If we instead had departed from 
the heat outflow writing this flow Q’ = Q-W , the work output W 
and the exergy E' would be given by: 



W = Q'(TTq ^-1) - TS 
E' = Q'(TT^~^-1) 



and the exergy efficiency by: 

/\ 

S 



C' -- 

s> p t 



= 1 - 



Q’(T~^-T 



(3.6) 

(3.7) 



(3.8) 



If we are considering the same engine and process, we must have 
W - ,V ' . The obviously E' and E will differ in general and will 
coincide if and only if: 

W = Q(1-T^T~^) z Q' (TT -1) (3.9) 



i e either for an ideally reversible engine, in which case we wc 
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have S=0 and ^=^'=2 or W=0. if the two exergy efficiencies are 
to coincide, we would also require either 3=0 or W=C (Q=3'). 

This problem of ambiguity, however, can be resolved by considering 
the flew capacities (upper limits) of the source and sink, to be 
properties from which exergy is to be defined, rather than from 
the actual flows. This is analyzed in greater detail in section 
4.5. If Q and Q’ are reinterpreted as the maximal available in- 
and outflows respectively, then the capacity limiting first, will 
determine whether exergy should be given by (3.3) or by (3.7) . 

Exergy will then be a symmetric function of the source and sink 
properties, and therefore be consistent with our symmetry principle. 
Then C or , whichever appropriate, will also be in agreement 
with this principle. 



The discussion above also shows that what is meant by "lost v/ork" 

depends on which flow capacity is the effective limit. When the 

hot capacity limits, then this amount is T ,^S , and in the opposite 

case it is TS . In the latter case it may be suitable to interpret 

the heat source as the "environment" and lost work then will always 

be r . .5. 

e■nv^ronTnent 



Also the relationship between heat efficiency n and second law 
efficiency 5 will depend on which flow that is most strongly 
limited. By combing (3.4), (3.5) and (3.8) we obtain: 



- i 



m* 

n 

n* ('7- n 



(inflow limited) 
(outflow limived) 



(3.10) 



For given values of n* and n£n*, the limited outflow case v/ill 
always give the lower of the two This is in agreement 

with T qS TS , i e it will give greater waste assuming everything 

else to be equal. When ri-ri* in either case we always have i = 1. 



As a second schematic energy transformation device we consider 
the heat pump having the objective to provide a heat flow from 
a cold to a hot body. Figure 3.2 illustrates the flows involved. 
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Figure 3.2. The heat pump 



A heat pump may be regarded as an "inverted" heat engine. Pract 
examples in everyday use are ref ridgerators and airconditioning 
equipment. The two laws governing the theoretical limitations o 
the heat pump, are the energy principle and the entropy princip 
If the heat flow delivered to the hot sink is Q and the heat in 
from a cold source is $ ' we must have: 



S = QT ' - Q'T~^ > 0 



(3.11) 



which shows that Q ^ Q ' , meaning that there must be an addition 
incoming energy flow. Let us assume this flow is mechanical wor 
W applied to the pump as illustrated in figure 3.2. The second 
then requires: 



S = QT ^ - (Q-W) ^ > 0 



(3.12) 
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where S is the entropy generation. The amount of heat delivered 
to the hot sink is therefore limited by: 



Q = 



1 — v r> 
" 0^ 



W 

I-TqT- 



( 3 . 13 ) 



and the flow of heat from the cold source by: 



Q' 



W-TS 




< 



W 




-1 



( 3 . 14 ) 



The conventional v/ay of describing the efficiency of a heat pump 
depends on its two basic forms of usage. When it has the purpose 
to keep an object cool (such as the interior of a ref ridgera tor) 
a cooling ratio (coefficient of perfcrmance) o is defined by: 



to 




2 -TSW 



-1 



TT, 



-1 




to* 



( 3 . 15 ) 



where to is the theoretical maximum of ?o. When it is used for 
heating purposes, a heating ratio a is defined by: 



0 




^ -7 
1-T^SW 



n T 

"o~ 



-1 - 



7 




a * 



( 3 . 16 ) 



where a* similarly is the theoretical maximum of 0. It is clear 
that neither of these two measures of performance comply with 
the symmetry principle. However, they both relate the effect 
described (heat withdrawal or heat supply) to the work input 
(which is what is paid for) and they therefore rest on an implicit 
economic principle just like g for the heat engine. It is also 
clear that w* and being functions of the two temperatures are 
easily interpreted as r f g* ^-1) and 0* = n* where n* is 
the Carnot efficiency for an engine if it were connected to the same 
source and sink (and used for the opposite purpose) . 
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On examining (3.15) and (3.16) we find that the terras TS in the 
cooling case and T in the heating case correspond to the addi 
tional work input necessary to compensate for the entropy produ 
tion S . 



Also for the heat pump we may define an exsrgy sffiaiancy C by 
taking the ratio of the exergy ouput to the exergy input. If th 
hot sink limits the capacity most strongly, will be interpre 
as the environmental (referential) temperature. In such a case t 
total exergy input will be W+Q'(1-T^Tq - W, the exergy outpu 

Q(1-T^T and the exerg’y efficiency: 






Q(1-TqT 

W 



ao ' 



.-1 



< 1 



I 

(3.17) 



In the opposite case when T is the referential temperature, the 

interpretation is slightly more involved. The exergy input is W 

-1 

with no additional term since Q'(1-TT^ ) is negative and is nov 
interpreted as an exergy output (to the cold source) , and we ha'|j 

-I 

the output zero to the hot sink, since Q(1-TT ) = 0. The exergy! 
efficiency is therefore the ratio between absolute values of 
exergy ouput and input: ' 






Q ' (TT 



-1 



0 





< 1 



(3.18) 



The withdrawal of heat from the cold source in the latter case 
thus corresponds to a building up of exergy (i e a potential 
that could produce work if a heat engine were to be applied) . Ii 
the practical case of the ref ridgerator , the heat pumped out 
is a compensation for the heat leaking into the cold area, whicl 
in itself corresponds to a loss of exergy, i e a diminishing 
hypothetical opportunity to extract work from the system. The 
exergy output of the heat pump restores this theoretical capacil 
of the system and the exergy input must cover the ouput plus the! 
exergy losses from the operation of the pump TS , i e 
W = Q'(TTq ^-2) + TS , which already has been stated in (3.14), 
but in a different manner. 
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Heat engines and heat pumps will be used extensively in the 
remaining chapters for instructive purposes since these devices 
offer simple descriptions of the maximum v/ork output or minimum 
work input as limited by the second law. 

As a third device to be used for demonstrative purposes v;e choose 
a piston-cylinder apparatus as illustrated in figure 3.3. The 
cylinder contains an ideal gas which can expand or contract, 
performing v/ork on the environment or receiving work from the 
environment . 



First case 



Second case 




dli 



II 




Figure 3.3. A piston-cylinder device 



We assume the cylinder and piston to be perfect insulators and 
that the environment is infinite, meaning that a displacement of 
the piston v/ill not affect properties of the environment to any 
noticable extent. Relevant properties of the contained gas are 
internal energy U, volume V, molar content n, temperature T, 
entropy 3 and pressure a, denotations of the similar properties 
of the environment having subscripts zero. The heat capacity at 
constant volume of the gas is assumed constant and written c. 

We first study the case when work is extracted by means of the 
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piston only, i e from a single work. mode. In general, this woul 
lead to a final state in which the temperature of the contained 
gas would be different from that of its environment. As a secon 
step we also include the possibility of extracting work from a 
heat engine applied to the cylinder taking care of the opportunt 
to equalize this temperature difference while delivering work. 

Applying Gibbs' fundamental equation (2.13 ) for the contained 
gas on the one hand, and for the environment, on the other, giv.s 
us : 

-■ -■ 

TdS = dU + adV = TdS + dQ (3.20) 



where dQg is heat absorbed by environment, dQ heat absorbed by 

gas, and where dS ^ is total change in entropy of environment of, 
^ u 

which dS ^ > 0 xs the amount produced, and similar for dS and ' 
dS >_ 0 for the gas contained. The entropy not produced is ex- 
changed, which yields: ' 

/S /V t 

dS^ + dS = dS^ + dS > 0 (3.21) 

We also have the following balances: 



dU^ + dU + d’/ + dW^^ = 0 



(3.22) 



dV ^ + dV = 0 



(3.23) 






where dW is the work differential from the heat engine, which 
is zero in our first case, and dW^"^ the work differential obtain ii 
by means of the cylinder expansion. On combining the last five 
equations we obtain: 



dW^ + d'/^ = -dU -a^dV + T^dS - T^(dS^+dS) 



(3.24) 
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and also: 



div 



+ dW 



II 



- (a-a^) dV 



— f m ) 



ol 



dS Q ■f' dS j 



(3.25) 



It is clear from these relationships that the total work 
differential will be maximized, as usual, when the process takes 

/N ✓N 

place reversibly, i e when dS ^ = dS = 0 . The remaining differential 
is therefore interpreted as the differential of the exergy poten- 
tial of the contained gas. This differential is studied in greater 
detail in section 3.4 below. 



In our first case with an insulated gas, the process is adiabatic 
with dQ = 0 , i e : 

dS - dS (3.26) 



which means that the only change in entropy of the gas is the 
amount caused by irreversibilities. This gives us the work 
differential : 



dl/^ = (a-a^)dV - TdS - T ^dS „ 
0 0 0 



(3.27) 



Using superscripts 0 to denote initial values, asterisks to denote 
final values and using the entropy state eguation (2.26 ) and 
universal gas law (2.22 ) , we may write; 



y* 






,RnT , J-, 
V 0 



idl- 



RnT 



V 



C^O 



V 



(3.23) 



where is the total entropy production in the environment during 
the entire process. Also we know for the final state: 



S 



T* V* 

c toq — n + Rn toa — jr- 



(3.29) 
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v/r.ere 0 j .3 tr.e tocal er.rrcoy ger.erat.ee tr. _r.e -as ar.c 



a , - '3'' - ?.n1 "I 

j 



(3.30) 



Evaluating (2.23) thus yields: 



= c(T^-T*J - 
max u 



(3.31) 



,-XK 






= a V ( 



. _ Q 



0 ' Rn ' Rn'\ 0 j ^ ' '00 

r \n / 



v;hich decreases in S as /;ell as in 5^ and the final temperate* 
will be: 



T 







_S 

o + Rn 



(3.32) 



which increases in 0 and in general would be different from tht 
of the environment T^. Therefore also the final volume V* is 
increasing function of S. If no other v/ork mode than pressure 
work were available, v/e would thus have the exergy potential: 



JI 



0,,0 °0 
a 1/ { -g 

a 



Rn 






Yr 



Rn 

■hRn 



(3.33) 



Using the universal gas law either Y , or 
for Y giving us alternative expressions for 



can 



U 



II 



max 



be 

and 



exchanged 

^II 



We now look Into the non-<'idiab<.itic second case in which work 
also can be extracted by means of ci heat engine. In this case 
the equations (3.19) - (3.25) still liold, whereas (3.26) now 
is replaced by: 
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TdS - Td3 + dQ 



(3.34) 



and the similar equation for the environment is: 






(3.35) 



Also we have: 

j. /S /N /S 

dW = -dQ-dQ^ - T(dS-dS) + T.(dS-dS) = ( T-T .) ( dS-dS . (3.36) 

U U u U 

since (dS-dS) is the mutual amount of entropy exchanged. 

Writing dW = dW^ +dW^^ and using dS instead of dS in the entropy 
state equation, we evaluate (3.25): 









: V* 



W ~ 



(a-a^)dV - 



c(T-T^) 



dT 



dV 



Rn(T-T^) ^ - T^(S^+S) (3.37) 



V 



~ 0 0 

Applying the universal gas law and using molar volumes v -7 n etc 



we obtain 
W 



i \ fv^ V^\ ^ 

max ' (3.33] 






V 



01 ^ ^ 



where we have chosen initial temperatures and volumes as arguments 
in this formulation. Using the universal gas law would provide 
us with other alternatives expressions. Clearly W ^ decreases 

/V ITidCC 

both in S and and the exergy potential of the gas is therefore: 




= aT^g(T^T^") + RnT^G(v^v^^ ) (3.39) 

where g(x) = x - 1 - togx is the exeT'gy fur.ation. This expression 
is given in the references such as in [Eriksson, et al , 1976, 
p I.l], cf also figure 4.2. 
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It should be noted that we have not applied the symmetry princi: 
above, since an infinite environment has been assumed throughou 



Also for the piston-cylinder device we may define an exergy 
efficiency : 



y 



r - 



rna: 



= 1 - 






( 3 . 40 ) 



which due to the infinite environment also will be an asymmetri(|ij 
measure of performance . ' 



3.3 Exergy as a physical norm 

From the preceding sections it is clear that a number of 
characteristics need to be specified for a given energy source 
in order to determine v;hat energy transformation opportunities 
that exist. For simple sources, temperature may be the dominant 
state variable determining together with the ambient teiaperatur?' 
how much work that can be extracted in an ideal case in compari' 
with the amount of heat that is taken from the source. This was 
shown in (3.2). Temperature is therefore an important variable 
to characterize the quality of an energy source. 

Consider a heat engine operating between the temperatures T j 
(source) and Tq (environment) combined with a heat pump opera- 
ting between the temperatures (output) and as illustrated 
in figure 3,4, 
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Figure 3.4 Combination of a heat engine and a heat pump 



If is the entropy production of the heat enaine and that 

1 " Ci 

of the heat pump, we obtain the following relationship between 
heat delivered into the system and heat extracted Q : 

1 o 






(3.41) 



This relationship may be interpreted as an exergy balance, the 

-1 “ - 
exergy input being Q^(1-T^T^ ), the exergy output Q,^(1-T.T^ 

and T^(S +S^) destroyed exergy (lost work) in the transformation 

process. For an ideal pair of engine and pump S ^=S =0 , we obtain 

J. 

the maximum heat ouput in relation to the heat input: 
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-1 




I-TqTi 



1-T T 
0 2 



-1 



(3.42) 



It is evident that the temperature dependent factors (1-TgT^ 
and (1-TgT^ translate the input heat amount of a certain 
quality (temperature) into the output amount of a different 
quality. Thus exergy serves as a phys-iaal norm for comparing 
energy of different qualities. 



Although exergy as such is not a necessary concept underlying 
all economic models to be developed in chapters 7 and 8, the I 
results derived there are conveniently interpreted in terms of !| 
exergy. Therefore we shall devote a great deal of attention to • 
this concept in the following chapters, since it v;ill be shown j 
that the exsrgy vrice will serve as an soonomio norm for \ 

determining the value of energy in different qualities. 



3 . 4 The concept of exergy 

The definition of exergy as given by Rant [1956 ] determines 
this quantity as the overall maximum work ouput [technische 
Arbe-itsfdhigke-it) that can be obtained from a body with a given 
initial state, i e the body's theoretical ability to produce 
work- Baehr [1965] stated the following explicit definition: 



"Die Exergie ist der in jede andere Energieform umwandelbare 
Teil der Energie ; . . . " 



As mentioned, the general expressions in literature describing 
the exergy potential of a body (a "system") appear to be limite 
to cases in whichare presupposed the existence of an infinite 
environment having given intensive properties such as temperatu 
pressure and chemical potentials, or alternatively, the treatme:' 
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presuppose the existence of given reference values of such 
properties, even if such an environment v/ould not be considered 
explicitly. The assumption postulating a given reference state 
has been used as an argument for pointing out limitations in the 
use of the exergy concept or for stating the need for agreeing 
upon universal standards as to what reference levels that should 
be adopted commonly [Eriksson, et al, 1976]. Assuming the existence 
of an infinite environment also violates the symmetry principle 
given in section 1.3. 

Also the mathematical e.xpressions for exergy in literature 
appear to be limited to cases in which there is only or.e bodj 
(one energy source) in existence, this body embedded within 
the infinite environment, (with the e.xception of [Evans, 1969 , 

P 101] ) . 

In the chapters following we shall show that it indeed is possible 
to derive expressions for the exergy potential of a system of 
sources, neither of v/hich need to be of infinite extension. This 
means, that applying the symmetry principle, it is quite feasible 
to define exergy v/ithout alluding to a reference set of intensive 
states, in fact such reference states will emanate from the 
analysis as a product of the given characteristics of the bodies 
of the system treated. For at system of thermal sources (treated 
in chapter 4) , for instance, it may be shown that the reference 
temperature can be interpreted as a geometrical mean of certain 
given initial temperatures. As shovm in section 5.5 this item 
cannot be taken care of in a circumventive way simply by ex- 
changing the referential set of characteristics by a similar 
equilibrium set. In any case, we may immediately object to such 
an approach, due to the fact that the equilibrium properties are 
determined by initial values and therefore cannot be chosen 
arbitrarily for systems having only finite energy sources. 

In this section we present a main outline of the exergy concept 
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as pertaining to (i) a single given body (source) which is , 
coupled to (ii) a given infinite environment following [Erikss<i( 
et al, 1978]. The body has the internal energy 7, pressure a, 
volume V, temperature T, entropy S, chemical potentials , 

and molar contents n,n,...n and the corresponding propertie; 

1 Z 

of the environment are denoted by the same symbols having the 
subscript 0. 

The Gibbs fundamental equation of the body on the one hand, anc 
of the environment, on the other, may be written: 

M 

TdS = dU + adV - Z \i . dn . (3.43) 

-i = l ^ ^ 

M 

TodSo = dU^ a^dV^ - 

From the interaction between the body and its environment, a 
work diffential dW may be extracted. Since no interaction takes 
place with any third object (apart from taking care of ~dW) , we ■ 
have dV -dV and the following balances: 

/N /S 

dS + dS^ = dS + dS^ (3.45) 



dU + dU^ + dW = 0 (3.46) 

^ ^ i = 1,2,..., M (3.47) 



where dS , dS ^ >_ 0 are the amounts of entropy produced by irre- 
versibilities in the process. On combining these five equations’ 
we may write: 



M 

dW = -dU - a.dV + T.dS + Z . ^dn . 

0 0 . ^ 
1 



/N /\ 

T^(dS+dS^) 



(3.48) 
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This equation shows the extractible amount of work (in diffe- 
rential form) as a function of changes in the extensive properties 
of the object dU , dV , dS , dn . , the constant intensive properties of 
the environment Tg, a^, total entropy change due 

to irreversibilities (dS^ + dSj. Clearly i,V is maximized when 
dS + dS ^ = G , by which we can interpret the remaining differential 
as the decrease in exergy dE of the body: 

M 

dE = dU + a.dV - T .dS - Z ]i . .dn . (3.49) 

0 0 . . ^ 

1 

Integrating (3.48) yields: 

M 

W = - U* - a.(V*-V^) + T .(S*-3^):+ I u. , (n*. - n^. ) - 

0 0 • , ^ ^ ^ 

- T^(S^+S) (3.50) 



where superscripts 0 refer to initial states and asterisks 

/N /N 

to final states, and S being the total entropy produrstion of 
the process. Since work can be extracted up to the point that 
the intensive properties of the body take on the values of the 
environment, at the final state maximizing W we have: 

M 

U = - a. V + r S + Z p..,’:* (3.51) 

U 0 . . zj z 

z = l 



where (2.87) has been used. Inserted into (3.50) this yields 



W 



mat 



= U + - 



r.s - 



M 

z 









(3.52) 



and : 



E = U 



a^V - 



M 

T S - Z \i ■ .n . 
0 zO z 



(3.53) 
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where entities lacking superscripts now refer to their initial 
values. This is a fairly general expression for the exergy ■ j 
content of a body, when given its initial extensive properties' 
U, 7, S, n^, and the constant intensive properties a^, T 
of the environment. Also by using (2.87) for the initial state 
we obtain the alternative expression: 

M 

E = (a-a)V + (T-T^)S + 1 (3.54) 

0 0 . ^ T.. VU Z 

1 ^ = 1 

The w’ay in which E is determined by property variables in (3.5! 
or (3.54) shows that E may be interpreted as a property of the 
body, when assuming given referential values a^, and • Fc- 
a few special cases the differential in (3.49) may be interpret! 
as a differential change in certain previously derived property 
[Evans, 1969 , p 8 , Eriksson, et al, 1978, p 8] ; 

Enthalpy 

dE = dU + adV - dH (a=a ,dS=0 ,dn^.=0 ) (3.55) 

U 

Gibbs free enthalpy 

dE = d’U + cdV - Ids = dG ( c=a T=T ^ , dn ^. = 0 ) (3.56) 

Helmholz free energy 

I. 

dE = dU - TdS - dA ( dV=0 , T =T , dn .=0 ) (3.57) I 

Also when heat of the amount -dQ is extracted reversibly from 
the body, we have dS - dQ/T and dU - dQ , which for a constant 
volume, constant composition process yields: 

dE - dQ (1-T^T~^) (dV=Q, dn^=0) (3.58) 

i e the Carnot formula in differential form (3.3). 
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The maximum amount of work that can be extracted from a given 
body has gained interest for a long time. Apart from the writings 
of Gibbs and von Helmholz we may note Darrieus [193Q] who used 
the function U-T^S called "available energy" as applied to steam 
turbines. This function is the integral form of (3.57) v;hen we 
are dealing with a constant volume, constant temperature, constant 
composition source. Keenan [1932] introduced the term "availa- 
bility" for the function U+a ^V-T giving the maximum amount 
of work that could be extracted from a steady stream of fluid. 

Ke later applied the same function to combustion and flov/ 
processes [1951]. The term "available energy" had previously 
been used by Lord Kelvin and by Gibbs [ (1873) , 19C6, p 52n] 
and others (cf [Haywood, 1974, p 265]). The amount of lost work 
due to irreversibilities (entropy creation) was first derived 
by Stodola [1898]. Evans [1969] generalized the exergy formula 
(3.53) by including the chemical potential term (the "diffusion 
term") and called his function "essergy". This term was already 
present in the early v;ork of Gibbs [(1875-78), 1906 , p 77, eq (54)] 
and v/as also later introduced independently of Evans by Berg 
[1974]. Since then there has been some discussion as to" the limi- 
tations of the terms availability, exergy and essergy. Haywood 
[op cit] presents an excellent overview of the concepts of availa- 
bility and irreversibility and adopts the view that the word 
"exergy" should be limited in usage to the function (U+a '/-T ) . 

Berg [op cit] uses the term "thermodynamic availability", which 
Ahearn [1975] suggests should be replaced by "exergy" and according 
to Tribus [1975] by "essergy . Berry [1972] uses the expression 
"thermodynamic potential" for the function U-TS and interprets 
this as the scarce resource, v/here U is^ "energy" (i e including 
other energy than internal energy only) . 

For our purposes, the definition given by Baehr is completely 
general and the term "exergy" therefore is preferred. It might 
also be noted that despite the high generality of E as given 
by (3.53) it still can be generalized further, e g by departing 
from a more general version of Gibbs" fundamental equation 
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including terms for the flow of electricity and the occurence 
of a chemical reaction [Yourgrau, et al, 1966, p 14]: 



where c{) is the electric potential, q the electric charge, v 
the affinity of the chemical reaction and z the extent of 
this reaction. Eq (3.59) will be applied in section 5.4. 

This will provide us with additional terms in the exergy func- 
tion. A different line of generalization is commenced in the 
next chapter, i e to study the exergy potential of a system | 
of several finite sources with no initial reference to a 'givenlj 
environment. In chapter 5 this approach is followed up in *i 

further generalizations. . j 

! 

3.5. Examples illustrating the e.xergy concept applied to 

energy transformation processes in practice | 

In recent years there appears to have been a growing interest 
to analyze exergy flows pertaining to various processes in 
practical use rather than only energy/heat flows. Also the 
Swedish nationwide consumption of exergy from different 
sources and for different purposes has been given attention | 

[Eriksson, et al, 1975, 1976]. In this section we give refe- ^ 

rences to a few examples of such process analyses described 
in literature. 

! 

Simple chemical processes such as the burning of coal, or ^ 

rather, the oxidization of carbon, the chemical reactions of 
which are : 



M 

TdS = dU + adV - S \x^.dn_^ - <^dq + vdz 



(3.59) 



C + -> CO 



(3.60) 






(3.61) 
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yielding carbon monixide or dioxide, or the burning of 
lime : 

CaCO^ - CaO + CO^ (3.62) 

are found in Grassman [1961], Baehr [1962] and Rant [1969]. 

The analyses of such processes have shown that the exergy 
potential of the fuels in question may differ as little as a 
few percent from their upper heating levels, i e the difference 
between the sum of the input molar enthalpies of the reactants 
and the si.milar sum of the output molar enthalpies of the 
products. In a fuel cell, an isothermal, isobaric oxidization 
of hydrogen would permit all chemical energy to be transformed 
into work in the theoretical reversible limit. 

Various processes involving steam have been given attention 
in, for instance, [Rogener, 1961], in which the exergetic 
losses at different stages of a system of coupled turbines are 
analyzed. Rant [1961] examines the preheating of air anH in 
a later article [1969] gives detailed descriptions of the 
exergy flows involved in the Solvay process for the production 
of sodium in a Klinker-oven process and in a beat sugar factory. 
Louw [1975] gives an overview of processes involved in a Rankine 
steam power plant, in an open-gas turbine plant, in a Linde 
liquid-air plant and in a ref ridgeration plant based on examples 
previously given in literature. Berg [1974] presents a "second- 
law analysis" of the ammonia-absorption cycle for a ref ridgeration 
machine. Gasparovic [1961] provides an overview and a biblio- 
graphy covering the period 1889-1961 (mainly papers in the 
German language) concerning a variety of applications. 

The exergy efficiency (second law efficiency) of a number of 
processes in practical use have been estimated. The list given 
in table 3.1 is an aggregation from [Louw, 1975, Rant, 1969, 

Keenan, 1932, Berg, 1974]. 
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Process 


Exergy 

efficiency 


Open hearth furnace 


.45 


Modern boiler 


.72 


Otto engine 


.68 


Diesel engine 


,72 


Gas turbine 


.56 


Rankine steam power plant 


.40 


Open gas turbine plant 


.26 


Steam turbine (resuperheated, 
feedwater heated) 


.82 


Power plant ( turbine-heatsr- 
condenser ) 


.73 


Adiabatic burning of coal 
(with regenerative preheating 
of air) 


.68 - .83 


Kiln operations, lime burner 


.25 - .63 


Vacuum furnaces 


.25 


Ref ridgeration plant 


.28 


Liquid air plant 


.15 


Air separation 


.13 


Sodium process 


.13 


Watergas production 


.67 


Cement production 


.31 


Sugar plant 


.40 


Paper mill 


.10 


Thermoelectric generator 


.35 - .50 


Thermionic generator 


.10 - .30 


Magnetohydrodynamic generator 


.60 


Fuel cells 


.90 


Radiation cell 


.10 


Domestic space heating 
(electrical) 


.03 


Domestic space heating 
(gas, oil) 


.07 


Water electically heated 
to boiling point 


.12 



Table 3.1. Various estimates of exergy efficiencies taken 
from literature 
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CHAPTER 4 . 



EXERGY POTENTIAL OF THERMAL SYSTEMS 



4.1. Introduction 



In this chapter v;e derive expressions for the exergy vozsntial 
of a system of heat sources in a fev; different cases. These 
sources will be characterized only by their temperatures and 
their potential to produce or receive heat. Other source 
properties such as pressure etc are not considered. A system 
of sources, the state of which is fully determined by speci- 
fying all temperatures, we call a thermal system. Some sources 
may act as sources proper and others as sinks, depending on 
the circumstance. We adopt the sign convention that a heat flow 
is positive if it is directed towards source i and negative 
when it flows in the reverse direction. 

In a first model is treated the case of a system of (N+1) finite 
sources, each characterized by a heat capacity and an initial 
temperature. Each heat capacity depends at most on the prevalent 
temperature of the source itself. By letting the heat capacity 
of one of the sources increase beyond all bounds, we obtain our 
second case, i e the case of N finite sources and one infinite 
source, and as a third case we analyse a system of (11+1) infi- 
nite sources, each of which has some limitation as to its 
capacity to leave or receive heat flows. The econo.mic counter- 
part of this treatment is given in sections 7.2. and 7.4. 

4.2. Exergy potential of a system of finite sources 

We consider the existence of a system of (11+1) heat sources 
having temperatures at som.e point in time t, and 

given initial temperatures T^. i=G , 1 , . . . , N ^ at t-0 . Between each 
pair of sources a heat engine is inserted. Altogether there are 
11(11-1) /2 such engines. Engine ('i^.j) is coupled to sources f and 
j. The sources are characterized by their given heat capacities 
(at constant volume) a ^ ( T ^ ) ^ c ^ ( T ^) , . . . ^ a ,^( ? ^^) . By convention, 
we adopt the condition that f>j. 



when engine (i-iOJ is in use, during a short tine interval it 

produces the v/ork d-V . . and generates at least a minimal entropi 

^ <7 

dS . . this quantity being a given characteristic of the engine. 

Heat is taken from one of the sources and delivered to the othe 

The quantity dQ ■ . is amount of heat given to source i , if posi- 

tive, and taken from source i, if negative, and dQ . ■ heat giver 

<7 

to source j if positive, and taken from source j, if negative. 
Figure 4.1 illustrates the flows pertaining to engine 




^-1- Energy flows related to heat engine 



Applying the first law, the work produced by engine (i,j) is 
given by: 






j<i 



(4.1) 



and the total work dW from all engines may therefore be written' 
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(4.2; 



il N 

dW = Z Z dW . . = 
i=0 j = 0 



;/ i 

- Z Z ( dQ ^+dQ / 
i=0 j=0 



■I 



/V u 

- Z Z d-.-^, 

i=j 3=j 



v/here we have adopted the conventions that the undefined quanti- 
ties dW ■ ■ and dQ . . , for all f, are zero. 

Z' Lf U 



For each source, its heat in- or outflcv/ affects its temperature 
according to (cf (2.26)): 



N 

dU . = c .(T .)dT . = Z dQ . . 






(4.3) 



and for each engine, its ability to produoe v/ork is limited by 
its entropy production, which is at least the minimal quantity 

/N 

dS . 



dQ . . dQ . . 



T'O 



^ > dS.. 
- -z-J 



J <^ 



(4.4) 



The problem we are to study is to find the maximum total work 
extractable from the system, given the entropy limitations (4.4) , 
i e to maximize: 

final final 



VI = 





r iV N 11 f 


dW = - 


Z Z dQ . - Z 




i=0 d=o ^0 i-Q J 



c.(7^JdT. (4.5) 

>0 u 



'invt'ia I 



o u a 



.0 



state 

subject to (4.2), (4.3) and (4.4), the being final temperatures 



The total minimal entropy production of the total system dS 

during a short interval (t^t+dt) is obtained by adding dS.. over 

z- J 

all engines: 



.V N N ^ N N ^ 

dS - 4 ^ 1 dS . . - 4 ^ Z S . .(t)dv = Sdx 

i =0 3=0 ^ i =0 3=0 



(4.6) 
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where we have introduced the convention that dS . . - dS . . for i<:\ 

^ T'.J C‘' 



and dS . . = 0 for all i. This implies that the summation in (4.6[ 
takes place twice over all engines at the same time simplif ying(| 



the formulae. In (4.6) S..(t) refers to the given instanteneouslj 

■Z- J All 

minimal rate of entropy production of engine (ij.j) and S to the|' 



associated minimal total rate of entropy production of the 



system as a whole, i e S 



dS 



T'.J 






dt 



etc . 



It is shown in the theorem in section 4.2 that the problem to 
maximize W in (4.5) subject to (4.3) and (4.4) is equivalent to 
maximizing W in (4.5) subject to the following total entropy 
constraint: 



N c . (T .)dT . 

I ^ ... A > 



i=0 



T . 



(4.7) 



or with time t as the only independent variable: 

• t 

N a.(T.)T. X 
I ^ > 5 

i=0 i 



(4.8) 



where T- is the instantaneous rate of change in temperature T- 

"L 'h 



at time t , 



We therefore attempt to find all as functions of time such 



that: 



N 



W = - S 
i=0 



a . (T.)T.dt 

'L Lf 



(4.9) 



0 



is maximized, subject to (4.8). Let us solve this problem by a 
variational method. Introducing a Lagrangean multiplier functio 
cx(t)^0, we form the Lagrangean: 



N 

L = - I 
i=0 



a . (T J 'T .dt + 
^ ^ ^ 



N c.(T.)T. : 

o.(t)( Z - S)dt 



T . 

i=0 



(4.10) 
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A necessary first-order requirement for a constrained maximum 
is that the first variation of the associated Hamiltonian is 
zero; 






d 



3T . d- 



- 0 



for all i 



{4.1i: 



where ; 



-- 



li 

y 

i=0 



N a .(T J : 



c . (I • ) : 



+ o.{ t) { ^ - 
i=0 



T . 



- 3) 



(4.12) 



Differentiating this function yields; 









dt 3 



u . (T .) 

• ^ ^ ^ 
-a r; - 0 



(4.13: 



since all other terms cancel out due to the linearity in T^. , 
All capacities o-(T.) are positive implying from (4.13) that: 



a - const 



(4.14) 



Since this multiplier is constant, it can be taken outside of 
the integral in (4.10), enabling us to v/rite the Lagrangean in 
the form: 



N 

= - I 

i-0 

:/ 



/TJ 

^ i „ ~ i 

iV j- 

c^(T^)dT^^ + ar_Z 

0 0 

T . T . 

^ - 0 * 



c .(T J 



.0 



dT . - s; ~ 



^ - Z {3 ,{T ) - aS 

. ^ ^ V V St 

v-0 



(4.15) 



where U . is a primitive function of u . interpreted as internal 
s s 

energy, S. a primitive function of a .T~.^ interpreted as the 

s s s 

entropy of source i, and where 3, is total given entropy produc- 
tion. In the right-hand member of (4.15) all T*. refer to final 

t- 

temperatures alone, which means that L depends only on initial 
and final tem.peratures , due to the fact that the integrands in 
the middle merntber contain exact differentials. 
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The necessary maximization conditions require: 



3L 



.0 



= -c .(1-a/TK) - 0 

V 



i=0, 1,.. . ,N 



;/ 



~ = l (S .(T J-S .(T^.) ) - S > 0 



3a 



i=0 



t ^ X 1 



(4.16) 



0 . > 0 



where equality holds in the latter inequality when accordi 

to Kuhn-Tucker requirements. 



From (4.16) we find the final temperature T> to be equal for a 



i and equal to the multiplier a: 



a = T ■> 0 

X 



for all X 



(4.17: 



Hence : 



N 



N 



I S • (ol) 
x=0 



,0 



Z S . T . + S 

■-n ^ 

x=0 



(4.18) 



Writing S(o.) for the left-hand member of (4.18), we obtain the 
following dependence of the final temperature on all initial 

I 

temperatures : 



N 



a = S U I S . (T^.) + S) 

• n 

%=0 



(4.19) 



which is unique, since all V . are monotonically increasing, be, 



primitive functions of positive functions. 



Hence the maximal work extractable from the system under consi 
deration will be; 

a 



VI 



rta: 



iV 

z 

x=0 



N 



.0 , 



Ci(T^)dT = I (V.tT )-u^(a>) 
x=0 



(4.20) 



4.6 



The second-order sufficient condition for a constrained maxinunn 
of is that d^L < 0, for all dT ^ which are not ail zero and 



which satisfy the constraint 
we find: 



(T^.)dT^ 



Computing 



i=0 



d^L = 



aa 



i = 0 



clT . 



a . n d o .d: 

+ y^)dT‘^. + 2da Z -—7fr~ 
^ i=0 



(4.21) 



which is negative at least if the marginal change of each heat 
capacity ^ does not fall short of 



dT. 



Since a>0 the entropy constraint in (4.16) is effective v/hich is 

typical of this class of problems. Let us examine the effects of 

^ n 

marginal changes in the given parameters S and T"'. , i = 

A marginal change in S by 6S creates a change in the final tem- 
perature by (4.18) amounting to 6a: 



.V 



I 6S.faJ - 
i=0 ^ i=0 



N a . (a) 

V Z — 

u 0 a ~ 



6V 



mat 



a 



- oS 



(4.22] 



Therefore the multiplier may be interpreted as: 



a = - 



max 



> 0 



(4.23) 



3S 



which implies that the maximum w’ork output and entropy production 
are related inversely and that this dependence is more sensitive, 
the higher the final tem.perature is. 



Also, by assuming a marginal change 6r . in the i 

Q ^ 

temperature alone, we find from (4.18) that: 



:k initial 



N a . (a) a .(T .) „ 

E 6a - 6T^ 

i=0 “ if ^ 



(4.24) 



and therefore by (4.20) that: 



6i/ - - Z o.(o.)oo. - a.(T^.)6T^. - a . (t‘^. ) { I--^) 57^. (4.25) 

max • rs 0 % 

'1 = 0 i . 



4.7 



0 0 

Hence, if there is a rise in T i e 5f .>0, the maximal work 
output will increase if is above the final temperature a 
and decrease if it is below, quite as expected. 

From (4.23) it is evident that the work output will be its ver^, 

/N 

highest for a zero entropy production S=0 . Therefore the exsvgi. 
votsntial of the system will be: 

E = w (s=o) = I (u .(T^.)-u .(s~^ ( z (4.26) 

max ^ ^ J . 

This is the most explicit expression we can find for the exerg^ 
content in the case v/hen heat capacities depend on temperatures 
alone and no other source characteristics are considered. 

When all heat capacities are constant, we find simple expressic 
for the primitive functions U.(T.) and S.(T.): 

t U.(T.) = a .T . + acnst 

(4.27) 

' S.(T.) - c. log T. + const 
Inserting this S. into (4.18) and solving yields: 

^ i 



a 



■V 

n 



i = 0 



o ./a 




where : 

N 

a = Z a ■ 

0=0 ^ 

and by (4.20) and (4.26): 



(4.28) 



(4.29) i 



4.8 



(4.30; 



max 



!■! 



I a . 
i=0 









= 1 c.(T^. 

. ^ t ^ 

t=0 



.7 ^ c /a 

n Tl ^ ) 

k=0 



(4.31) 



Up to now we have treated all (?J+lj heat sources on an equal 
basis applying the symmetry principle, and it is quite clear that 
our resulting expressions for a, and E in (4.19), (4.20), 

(4.26) in the more general case, and ( 4 . 28 ) - ( 4 . 31 ) in the constant 

capacity case, are s^vvcimetric functions of the pairs of source 

0 0 

properties T . Let us now investigate consequences of 

forcing one of the sources to become infinite, say the source 

with index 0. Hence, we shall study the behaviour of (4.19), 

(4.20) and (4.26) when 

The two members of (4.18) both tend towards infinity when 

Let us assume that c^(T^) increases uniformly by a factor r> and 

let . Viewing a{r) as an implicit function of r, (4.18) for 

any finite r, may be written: 



N 

rS^(a(r) ) + Z S .(a(x>)) 



rS^(T^) . 



iV q ^ 

I 5AE .) + S 

• -r ^ 



(4.32) 



Total differentiation with respect to r yields: 



ra g( a. ( T ) ) 



N 

Z 

i = l 



da 



a . (a(r) ) , 

^ a(v ) 



+ S<a(r)) - S^(T^) = 



0 



0 ' 



(4.33: 



Since the first factor appearing in (4.32) is positive, we must 

have ^>0 when a(r‘)<E^ and vice versa. Thus there is a monotonic 
dv 0 g 

tendency for a to approach as r increases. Hence is boun- 

ded for all r. Rearranging the terms in (4.33) and integrating, 
we obtain: 



4.9 



- J^(a(r) ) \ 

fj a> (4.34) 

ro „ ( a ( r ) ) ■>■ Z c . ( a ( r J ) 

0 . ^ V I 

Since the integrand behaves as r ^ for a large r (apart from te 
bounded numerator) , the numerator must tend towards zero as r 
increases in order for both members to remain bounded. 

f 

Hence we have: 

r\ 

I im a. = litn a( V ) = T Q (4.35) 

Q ->00 p ->00 

0 

I 

which means that the infinite "environment" temperature coincicp 
with the final temperature, quite as expected. 



log 



o.( r ) 
0.(1) 



In order to find the limit value of W as we first fine 

max U n 



that all terms in (4.20) behave regularly as o-^T„, except the 



term for i=0 , which behaves according to: 



- I in 

Yt~^CO 



■vO 
" 0 



0 0 

OCg(Tg)dT^ - - Urn vc g( T ^) ( o ( r ) -T g) 

2^-voo 



(4.36) 



Solving for r in (4.32) and inserting this r into (4.36) yields' 



N 



I (S .(T .)-S .(o) ) + 3 

, ^0 , , ,0 , i=0 ^ ^ ^ 

ivm a (:j(o-i') 

1 ^ 3 (a)-S (^^) 



.V 



n n 0 ^ 

',( E (S .(T''J-S.(T'^^) ) - 3) 
U . . ^ U % 0 

^=G 



(4.37) 
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Hence we obtain the two limiting expressions: 



ttm W 



ma: 



0 ) 

^ u>’ 0 0 ^ 



(4.38, 



lirn E = 

r* ‘^oo 
^0 



z ( u . ( f'h ~u . ( ?'h + ( s . ( li j -5 . ( tZ ) ) 

. ^ ^ ^ t Q 0x0 XX 

x = l 



(4.39) 



In this case v/ith one infinite source, we may therefore write 



W 



ma: 



(4.40) 



The maximum v;ork output is thus, as always, limited to the exergy 

potential S. Of this potential the amount T is lost due to the 

entropy production in the extraction process. The linearity 

between lost work and S rests heavily on the infinity assuma- 

0 - “ 

tion concerning the environment, but is evidently independent 
of the possible depe.ndence of heat capacities on temperatures. 



In the case of constant heat capacities we apply (4.27) to (4.33] 
-(4.39) and obtain: 



4.11 



max 



= t: 



l c . 



T . 



- 1 - 






log — 7j) 
T 

^ 0 



4 "^ 



(4.41) 



= T 



M 

Z c 
i = l 



0 

T . 

. (~ 
't' 

0 



0 

T^. 

1 - log —g) 
T 

0 



(4.42) 



v/hich in the subcase of one finite and one infinite source becc^ 



W 



max 



4-1 

0 



- 1 - 



log -1) 
T 

0 



,0 






(4.43) 



^0 / 1 
^ 0 



- 1 - 



log 

T 

0 



1 ^ - 



) = T'ia^gd 



o„o-i 






(4.44) 



where g(') is the exergy function, cf' (3.39). Eq (4.44) is an 
expression derived elsewhere [Ford, et al , 1975, p 46]. Due to 
the "every-day" association of E with the single finite source, 

E in (4.44) is referred to as "the exergy of the object", i e 
a property of the source with respect to its constant environ- 
ment, although this association in fact is incorrect as argued 
earlier, since it violates the symmetry principle (cf section 1.3 



Figure 4.2 illustrates 
(4.44) . 



as a function of 



-. 0^0 -1 ^ 
accoraing to 
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Figure 4.2. Exercy as a function of the initial tencerature 
of the finite source in the two-source case •.•;ith 
an infinite environment 



4.13 



<.3 V i) 



4.3. 



Proof of the equivalence between the solution to the non- 



aqqregated and the aggregated extraction problems 



In the preceding section v/e started by formulating the problem 
to maximize: 



.V 

w = - z 

i = 0 



subject to 



T* 



c .(T .)dT . 

■tv V 



the constraints 



(4.45) 

I 



e . (T .)dT . = 

V V V 



N 

E dQ 
3=0 



'^3 



:4.46) 



dQ., 

T . 

V 



dQ . . 

> dS.. 
Tj- ^3 



(4.47) 



but instead solved the simpler problem to maximize W in (4.45) 
subject to the single constraint: 



N a .dT . 
i = 0 V 



(4.48) 



where dS . . are given differentials for and dS the sum of alj 
V3 

such differentials. The problem solved may thus be looked upon < 
an aggregate problem in the sense that one heat engine produces 
all work and is fed by (or leaves) heat from (to) all sources j 
simultaneously. ' 



This section will be devoted to proving the equivalence of the 
aggregate and the original problem. In order to simplify our 
formulae slightly, we introduce the abbreviation: 



s . 






c .(T .)dT . 



■i=0, 1, ... ^13 



(4.49) 
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Since the objective function coincides in both problems v;e shall 
compare the choice opportunities available according to the tv/o 
sets of constraints. 



In the original problem, at each point in time we are to choose 
an array z= ( z z ^ , . . . „ z ^j) such that there exists an array 
i } 3 =0 , 1 j i il that satisfies (4.46) and (4.47), and in the 
aggregate problem a similar array a that satisfies (4.48). 

Let us therefore define the following tv/o sets: 



Z j. = [z\For each there exists dQ . ^ 

J. 'I' f] 



■nc'. 



sa-< 



.S3 



(4. 46)-(4.47) } 



(4 . 50) 



Z__ - [z\ z satisfies (4.43)} 

If Z J. and Zj.^ are the same sets, then the 
quivalent. It is easily seen that if 
Hence : 



(4.51) 

two proble.ms are 
then also z£Zj.^. 



Z. c: Z^^ (4.52) 

To show this we only need to add all inequalities in (4.47) 
together. The converse is more involved to prove, i e that for 
any 2 £Z^^, then there exists an array satisfies (4.46) 

-(4.47)^ 



For the given c belonging to Z^_, we first compute: 



Hz. 

dS = Z — > dS 
i = 0 ^i 



(4.53) 



We also introduce the non~negative weights: 

/S ^ 

y.,. = dS.,/dS (4.54) 
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Adding all together for all or, alternatively, for all 

i>.j , this sum is unity. The sum of all y. . is there^^ore 2 
As before v/e have defined dS . .=dS . . . Combining (4.53) and (4.54) 
we find that y _^jdS^dS , for all tjj. If there exists an array 
of dQ . . that satisfies: 



N 

E dQ . . = 3 . for all i 

0=0 ^ 



(4.55) 



dQ 



z.j 



dQ . . 

3Jl 



T . 



- y . .dS 
^3 



I or 



all 






(4.56: 



this array obviously satisfies ( 4 . 46 ) - ( 4 . 47 ) . Let us divide the 



components of a potential candidate dQ . . among all arrays into 

T'3 



the two subsets, one for index values i>g and one for 



Starting with i=0 , we arbitrarily choose values of dQ^j, so tha- 
their sum satisfies .^^dQ^. = z^. Let us nov; choose dQ . „ for i>0 : 

0>0 0 j 

by the equation (4.56) for 0=0. This is obviously possible sincc 



these dQ_^g do not coincide with any of the ones already chosen. 
:t 

satisfies : 



As a next step choose arbitrarily dQ , j>i, such that their sui' 



E dQ . = 3 .. - dQ,. (4.57) 

0>1 “ 

where dQ in the right-hand member already has been chosen and 
is given. With these dQ^^ chosen, their symmetric counterpar; 
dQ , are determined by (4.56). Next choose dQ . . for j>2 arbitra 
rily and satisfying: 



E dQ 

J>2 



2d 



“2 



dQ 



20 



dQ 



21 



(4.58) 



and their counterparts by (4.56), and the process may be 

repeated until the last but one subarrav dQ„ . . d=N, is chosen 

" N-i 0 

satisfying : 






dQ 



d<'i-i 



11-1 0 



(4.59) 
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along with its counterpart given from (4.55): 



dQ 



dQ,, 






y-1 



; 



n-i 



(4.60) 



jp remains to be shown that the last of the egualitie^ in (I.-^d) 
for i=U automatically is satisfied. The procedure outlined has 
up to now produced a complete array of dQ^^j that satisfies: 



.V 

Z dQ . . = z- for all i 

-n ^ 



(4 . 61) 



dQ . . dQ 

= y. .dS for all -i,.j (4.62) 

~ i <7 ^ 

The values of the 2 „. are not entirely arbitrary, however, since 
they must satisfy (4.53). Adding together the equations (4.62) for 
all tjj and using (4.61) when permissible, v/e obtain: 



N 

Z 

i = 0 





N 

+ Z 
3=0 







2dS (4.63) 



using the prooerty of the weights v, ., and therefore by (4.53) : 

'13 



hV 



N 

Z dQ 



(4.64) 



Hence, we have shown that for z£Zjj., it is possible to find an 
array dQ . . satisfving ( 4 . 55 ) - ( 4 . 56 ) and therefore also (4.46) 

*2' t7 

-(4.47). This implies that also Thus by (4.52) and 3__ 

must coincide: 



= Z^^ (4.65) 

and the aggregate and original problems in the preceding section 
are equivalent. 
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The procedure outlined above describing the choice of the dQ . 

when given an z satisfying (4.48) shows that the solution to 

the non-aggregated original problem is not unique. Since the 

dQ^j may be chosen arbitrarily within certain limitations, this 

means that such a choice will affect the work output dW . . from 

^ <7 

an individual heat engine. Therefore the solution will not spe- 
cify the contribution from different engines to the total work 
output. Neither v/ill the solution exactly specify the time patf 
of the temperatures involved apart from the requirement that 
they and their time derivatives satisfy (4.8) with equality. 
This implies in the case of constant heat capacities that the ' 
temperatures arranged into a vector at each time t must stay oq 
a moving surface given by: | 



N 

n 

i=0 



T .(t) 

V 

7 -^ 

■ i 




S(t) 

e 



(4.66) 



I 
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4 . 4 . 



Exergy from merging subsystems 



Before proceeding to the treatment of several infinite sources, 
we investigate one further set of relationships concerning finite- 
source systems. Let us assume the existence of several systems 
of heat sources, or equivalently, several subsystems of one 
overall system, and that these subsystems share no common source. 
For each subsystem v/e may compute its exergy potential since 
they are isolated. We investigate the relation between these 
potentials and the potential of the overall system. 



Let the set of indices i_, ... ^ iV} pertaining to all sources be 

partitioned into M mutually exclusive subsets 1^,1^^...,!,^, each 
corresponding to a subsystem, and let E. denote the exergy and 
a, the final temperature of subsystem k and S, the given minimal 
entropy production of the subsystem in isolation: 



Z 

iei. 

K 



to 



o . (T JdT . 
z z z 



( 4 . 67 ) 



where a, is determined bv: 
k 



Z S . 

T T' 
Z £ J . 

< 




) 



Z S .( 



iei, 

K 







s. 

K 



( 4 . 68 ) 



Now let all systems merge, starting out from their individual 
final temperatures. The additional exergy potential will be: 



AE = - 



M 

Z Z 
k=l ie'j. 



a .(T .)dT . 
z z z 



K a. 



where a satisfies: 



( 4 . 69 ) 



4.19 



(4.70) 



M 

Z Z S.(a) - 
k = l i£I, ^ 



M 

Z Z S . (a.) + AS 
k = l ^ 



M ^ ^ /s 

= Z ( Z S . (T .) + S, ; + AS 

T ' 2 ' "V K 

k=l 



However, if all sources from the beginning were brought togethe:! 
they would have an exergy potential of: 



M 

E = - Z Z 
k=l iei 



a . (T JdT . - 



k ^0 
i 



M 



ri a 

- - Z Z [ \ a .(T JdT . + 



k=l 



o .(T JdT .] 

XX X 



(4.71) 



T . 

X 



a. 

K 



where a is the final temperature in this case, satisfying: 



M 



M 



0 



Z Z S.(a) = Z ( Z S.(T.) + Sj) + AS 
k=l k = l 



(4.72) 



M . 

assuming that the entropy production will be Z S, + AS also 

k=l ^ 

in this case. Since the S .-functions are monotonic the solution 

X _ 

to (4.70) and to (4.69) coincide, making a-a. Therefore (4.71) 
can be interpreted as: 



M 

E = Z S, + AS 
. , k 

K = 1 



(4.73) 



which is the intuitively correct result, stating that the exerg 
of the entire system equals the sum of the exergies of the sub- 
systems plus the increment resulting from their potential of 
being fusioned. 
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4.5. Exergy potential of a system of infinite sources 



It is evident from the preceding sections that if there are rr.ore 
than one infinite sources with differing temperatures, then the 
extractable total amount of v/ork must be infinite. In order to 
study systems of sources with infinite heat capacities we there- 
fore assume given flcv capacity limitaticm on the in- and out- 
flowing heat streams and analyze the relationships between such 
flow capacities and exergy (cf section 3.2) . Since we also con- 
fine ourselves to steady-state conditions, v/e derive expressions 
for the maximum pcvsr output, being the rate of v;ork output, 
rather than v/ork output itself. 

Let us consider a system of ?! infinite sources, each source 
characterized by its temperature T ^ . . . ,T , v/hich are constant 

due to the infinite heat capacities. Let us also apply an aggre- 
gate view to the extraction process .characterized by a common 
given minimal total constant entropy production rate of S. 

Source i is assumed to be able to leave or receive a heat flow 
Q. above and belov; the two capacity limits -Q .<0 and Q .>0 , which 
are given parameters. The pov/er output is denoted W and the 
exergy poxer potential E. The time derivative dot notations have 
thus been omitted for the sake cf convenience. Also, without any 
loss in generality, all sources are assumed to have different 
temperatures . 



Our problem is to maximize: 
N 

W = - L Q, 
i = l ^ 



subject to the constraints: 



E Q .T > S 

-n T' — 

-Q . < Q . < Q . i= 1 , 2 , . . . , N 



(4.74) 



(4.75) 



(4.76) 
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We assume that the upper flow capacity limits are sufficient 

^ - -1 - 

to ensure the existence of a solution, i e that l Q .T . > S. 

. ^ ^ ^ — 

^ “i 

Introducing non-negative Lagrarigean multipliers a, S., y. for 
the inequalities in ( 4 . 7 5) - ( 4 . 7 6) , we form the Lagrangean: 



iV iV _ ^ N _ 

L = - I Q. + a( I Q .T / - S) + I Q.(Q.-Q.) + 
^=l %=1 Z=1 



N 

+ Z y.(Q^+Q.) (4.77) 

i = l 



Since the objective function as well as all constraints are 
linear in the decision variables Q^, the Kuhn-Tucker condition 
are both necessary and sufficient. These are for this maximize 
tion problem: 



0 Xj 

dQ . 



= -1 + air ,.^-6 .+'{. = 0 

% V ^ 



i. = l ,2 , . . . j iV 



3a 



Z Q.T r 
'I "Z- 

1 



S > 0 




Q. > 7 



i — j. , 2 ^ 



N 



(4.78) 



(4.79) 



(4.80) 



-p- = Q . + Q . > 0 

3y^ ^ - 


i = l,2,...,N 


(4.81) 


a, B^, y^ > 0 


i = l, 2, . . . jN 


(4.82) 


with equalities in 


(4.79)-(4.81) when a. 


B • or y . is positive 

'7. 



and equality in (4.82) for a, B • or y . v;hen the corresoonding 
inequality in (4 . 79) - (4 . 81) is strict. 



From (4.80)-(4.81) v;e f ind that either B - or v - is zero for 
each i. We rewrite (4.78) according to: 
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: 4 .83) 



aT . * “2 = S • - Y • 

^ z > 



Since 3 Y • > 0 and 3 -Y^ ~ ^ temperature ? . belov; a imclies 

'L 'V — ^ 

3 . > (?, Y • = 0 and Q . = 5, ^. > 0 and a temperature T . above a imp- 

“V ‘Zf 'V 'L' Z' 

lies Y ■ > 0, Q . = 0 and Q . = -Q . < 0. 
z z z —z 

An important result is that a must satisfy: 



Uzn T . < a < i-Jax T . 
z — — . z 

z z 



(4.34) 



To prove this assume a contradictory subcase that all T . vjere 

.V $ / ^ 

below a. This v;ould imply 1 — ~ S > 0 and a = 0 according to 

z-1^ z 

capacitiy assumption, v/hich contradicts all temperatures being 

positive. Hence all temperatures cannot lie belov; a. .Assume 

instead the other contradictory subcase that all temceratures 

iV £^. ■ . 

are above a. This implies the contradiction - Z ~ S > 0. 

z = l ^ z 

Hence, neither can all lie above a, proving (4.84) . The mul- 
tiplier a therefore represents a mean temperature just as in 
previous sections. As a further consequence we note that a > f, 
which implies: 



,V 

z 0 .T r - s 
, ' 1, 1, 

Z = 1 



(4.85) 



This means that as small an entropy rate as possible is produced 
as in our former cases. 



Furthermore let us assume that a 
an equality of the kind: 



for all f. This v/ould imply 



- Q .1 } + l" Q .T r = S 
—zz z z 



(4.86) 
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v/here and z" denote summations over a subset of hot and the 
complementary subset of cold sources respectively. This would be 
in contradiction to the independent choices of given capacity 
limits Q. and entropy rate 5 (i e an unprobable choice of 

't' ‘V 

parameters). Therefore, in a general case a = T., for some T., 



In order to find a procedure for determining a , i e the mean- 
valued source temperature, we note that we m.ust have an equality' 
of : 

I 

+ Q a~^ + = S (4.87) ' 

— t t a ^ ^ 

when Z ' sums terms with T . above a and Z " terms with T . below 
a, and where denotes the positive or negative flow of the 
source having the temperature a . Also from (4.86) we find that 
if takes on its maximum or its. minimum the following 
inequalities hold: 

- I' Q .T~.^ + l"Q.T~^ < S < - V Q .T~} + L ” Q .T~J (4.88) 

— z z j 

where Z' includes all hot sources, counting a as a hot tempera- 
ture, and Z' ' all cold sources, counting a as a cold temperature. 
Since the left-hand and right-hand members both increase as a 
runs through different temperature alternatives from cold to 
hot, a temperature a will eventually be reached satisfying 
(4.88) at which point the solution according to (4.87) is obtain- 
This solution is unique since two different alternatives cannot 
satisfy (4.88) simultaneously. 

Inserting the solution into (4.74) yields; 

W = Z'Q - - l"Q. = r d-o.T~} )Q . - 

max — ^ a ^ ^ 

- Z” - aS (4.89) ' 
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which is the maximum power extractable. 



Clearly from (4.87) v/e see that the choice of a and therefore 
the entire solution depends on the rate of entropy production 

/N 

A great increase in S alone v/ould require more "cold terms" in 
Z" and less "hot terms" in Z'and a higher a. Therefore the term 
aS in (4.89) cannot by itself represent the difference between 
exergy potential and maximal work output. However, if v/e solve 
our problem with S - 0, we obtain the exergy potential as: 



= Z' 






>S.i 



V f f 
u 



(1 





(4.90) 



where a., denotes the solution in a for S = 0. This exoression 
should be compared with (3.3) and (3.7). The first term concerns 
optimal negative flov;s Q_. - -£,. and the second sum optimal posi- 
tive flows Q. = Q-. All terms apparently yield positive contribu- 

"V 'ly ^ 

tions (for T . t a) to W except "lost work" aS . If there are 
z nax 

only two sources, and a takes on the temperature of the cold 
source (4.89) reduces to (3.2), and in the opposite case when 
a is the high temperature (4.89) reduces to (3.6) . 



From a marginal change in S, we find that: 



— ^ = -a < 0 (4.91) 

dS 



Sines a changes upv/ards in steps as S increases, W ^ as a 

TTlQ,^ 

function of S alone behaves as is illustrated in figure 4,3. 
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Figure 4.3. Principal forn of maximal power output as a 

function of total entropy production rate S 



Also, for marginal changes in Q. for sources with temperatures 
above a and for marginal changes in for sources with tempera- 
tures below a, we find: 



ay 

max 






- 1 

6 . ■= 0.T - 1 > 0 

V 1 



ay 



m,az 






- Y, 




(4.92) 



(4.93) 



whereas : 



ay 



mat 



—a 



ay 



ma 






0 



(■in general) 



(4.94) 
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These equations show that capacity increases (dcv/nv/ards ) for not 
sources as v/ell as capacity increases (upv;ards) for cold sources 
will result in a higher maximum pov;er output. 

Let us assume that the caoacity . of one source increases be- 

t 

yond all bounds. This would be equivalent to omitting one of 
the right-hand inequalities in (4.76) resulting in the disappea- 
rance of the corresponding B„- in (4.78) . Since y. > >;e obtain 

'V 'b — 

from (4.78) that a < T . If this source is hot, the increase in 

'b 

Q. would have no effect. However, if the source is cold v/e must 

t 

conclude that a - T . , i e that the mean temperature v/ill be t.hat 

t 

of the source with infinite capacity. Similarly v/ill an increase 
in Q_. beyond all bounds for a hot source automatically require 
a - T . Hence our maximization problem lacks a solution if the 
restricting capacities of tv/o different sources simultaneosly 
increase beyond all bounds, which means that in such case an 
infinite amount of power is available. In cases of one infinite 
capacity source, this source may conveniently be interpreted as 
"the environment". 

Let us examine the simple case of one hot and one cold source, 
the former having temperature T„ and the latter temperature T,. 



From the foregoing it is clear that £ ^ 9 - F^^om our pre- 
vious results it is easily found that when 5^?”" - < d 

we must have a - T , v/hen - Q > S we must have ct - .£ 

^ ^ _7 ' 

and when the coincidential case Q .T - Q .,T - S obtains, we 

I 1 A 

must have £ a £ In the first case 2 ^ > i? , y , - y o - 3 „ - 7 

and the solution is: 



«2 = 



(4.95) 
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In the second case 3 , - " "<'7 “ '^2 ^ solution i| 

' Q. = T .(S-f-Q^T~^ ) j 

■ - -e. (4.96) 

and in the third case ^^='{^ = 0^^^>0,y2>0 and the solu-' 
tion is: ^ 

I 

I 

■ ^2 " -«2 

( S' ^ Q,JT^T~^- 1 ) = Q^( 1 -T^J~^) 

In the first case the power output is limited by the ability of 
the sink to absorb heat, in the second case by the capacity of 
the hot source to deliver heat and in the third by both of thesj 
constraints. VJhen the cold sink determines the limit the "envirii 

ment" temperature is that of the hot source a - and when th 

^ I 

hot source determines the limit, the "environment" temperature ji 
that of the sink a = T If both happen to limit si.multaneously 
the "environment" temperature is undetermined apart from lying 

in the interval [f,, T . 

1 z 



I 
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From this simple example it should be quite clear that there 
is no ambiguity when defining what temperature to choose as the 
referential temperature when computing the exergy (apart from 
the improbable third case when the choice is immaterial) . 



When the environment is the sink, as is usually the case in 
practical applications, i e a. = Tj, we obtain the v/ell-knov;n 
Carnot-engine formulae; 



W 

ma 




( 4 . 98 ) 









( 4 . 99 ) 



Here represents the actual pov/er output of an irreversible 

engine and E the ideal maxi.mal power output of a reversible 
Carnot engine. 
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CHAPTER 5. 



EXERGY POTENTIAL OF A SYSTEM OF IDEAL GASES AND 



OF MORE general SYSTEMS 



5.1. Introduction 



In the foregoing chapter v/e presented a rather extensive analysis 
of a system of heat sources and the relationships between proper- 
ties of the system and the potential amount of v;ork that, from 
a theoretical point of view, can be extracted from that system. 

The sources were characterized by temperatures and heat capacities, 
depending on the respective temperature, i e by a single state 
variable for each source. 

In this chapter we first introduce a system in which the sources 
are given two independent properties, temperature as well as 
volume (or pressure) . The sources are interpreted as ideal gases 
contained in interconnected tanks, the total volume of v/hich is 
a given constant. .Mechanical work may be extracted by two means. 

On the one hand, heat engines may be connected between each pair 
or sources, by which work is extracted, and on the other hand, 
there are piston- ay tinder devices pneumatically connected betv/een 
each pair of sources, also for extracting work. 

The problem v/e are treating is to find an expression for the 
maximum total amount of work that may be extracted from the 
system, when given all initial temperatures, all heat capacities 
and all initial volumes of the sources. Since we are dealing 
with ideal gases, we may equally well have used initial pressures 
instead of either of the two chosen given properties. The system 
to be analyzed thus is still a very simple system, deliberately 
chosen so for demonstrative reasons. A corresponding economic 
system is treated in section 7,6. 

In the final sections of this chapter generalizations are made 
also towards general abstract systems. As a final item is given 
a proof that the exergy formula (3.53) for a constant environ- 
ment case is invalid for systems having a finite environment. 



5.1 



5.2. 



Basic relationshias 



We consider a system of (N+1) heat and volume (pressure) sourc« 
(elements). For the ith element, i=0, 1, ..j iV, its state beinc 
characterized by pressure, volume and temperature alone, its 
internal energy (/ . would be a function of temperature T. and 
volume V., U.(T.jV.), but for an ideal gas specifically, U. is 

“h 'ly 'L. . 'L 'I' 

independent of V . and a change in internal energy dU . is therel 

ly 'ly 

determined by a change, in temperature alone (cf (2.26)) ; 



3i/ . 

gsij - —dT = a. ('^ ) 



(5.1) 



Where is heat capacity at constant volume. Furthermore, for 
an ideal gas, the universal gas law (2. 22) is valid: 



a.Y . 






n -RT . 



(5.2) 



where n. is the number of moles of gas occupying the volume V. 

'ly 'ly 

and where r? is the universal gas constant. 



Let us now consider a pair of sources with indices i and j as 1 
is illustrated in figure 5.1, also explaining index conventions,' 
Between these sources are coupled, on the one hand, a heat engi| 
and on the other, a piston-cylinder device. These two devices 
are denoted (i,j). As before we use the convention that i<g fori' 
all devices preventing us from double counting. Altogether thei' 
are N(N+l)/2 devices of each kind. 




Figure 5.1. Devices coupled between sources i and ,j 

5.2 



\ 



We let dQ^. denote the amount of heat leaving heat engine , d 
to source i etc, v/hich gives us the following expression for the 
work extracted by the heat engine: 



dW~. . - dQ . . - dQ . . 

J-Z' 


(5.3) 


The total amount of heat entering into source i is 


denoted by; 


.7 

dQ . = Z dQ. . 
'■ 0--0 


(5.4) 


and the total amount of work extracted by all heat 
now be written: 

dW^ = - 1 Z (dQ . . + dQ . .) - 

• r ■ • T'Q J'Z- 

,J=0 V<Q ^ 


engines may 


N ;/ N 

— — w L 0.Q * . — — ^Q • 

.j=0 j=0 3=Q 


(5.5) 


where the convention dQ . = 0 is adopted. 





The piston-cylinder devices are considered to work adiabatically . 
Therefore any entropy changes due to their operation are caused 
by irreversibilities. The differential work produced by piston- 

r j 

cylinder (ijj) written equals the sum of reductions in 

internal energy of sources i and j, which in their turn may be 
expressed in term.s of volume displacements and entropy changes 



(cf section 3.2): 

dw\^. = a .dV\. . - T .dS~r. + a .dV . . - T .dS^.Z , fcr i 

^ tj ^ J Jt j ,jt 


< .J (5.6) 



where dV\. . - -dV . . is the volume displacement as seen from source 
^ J j ■> 



5.3 



i and dS^-". the entrooy flow into source i from the device etc. 
^ J 

The total change in internal energy of source i is obtained as: 






U 



II 



dU . = L dQ . . - Z a .dV . . + T . I dst 
^ j =0 j =0 ^ ^ 0=0 ^ 



c.(T.)dT. (5.7) 

V X ^ 



and the total change in internal energy of the system as a v/hol 



N 



N 






N 



Z dU. = Z (dQ . . - a .dV . . + T .dSt. ) = Z c.(T.)dT. (5.8) 



^ i=o ■ ^ 



X XJ X XJ 



x = 0 



XX X 



We introduce the notations dY . for total change in volume of 

II ^ ■ 

source x, and dS- for total inflow of entropy to source x. 

, r . IJ ^ 

Since the total work extracted + aW equals - E dU-, 



x = 0 



using (5.5) we obtain: 



N 



N 



d:-r^ = z a .dV . - ^ T .dS . 



II 



x = 0 



x = 0 



X X 



(5.9) 



for the total work delivered by the piston-cylinders where the 
last term is entirelv due to irreversibilities and: 



N 

dW = - Z a .(T .)dT . 

■ ^ X X X 

x = 0 



(5.101 



for the total work from all piston-cylinders and engines. The 
integral of this differential is to be maximized subject to the 
second law. We take a similar aggregate approach to the entropi' 
constraint as in our treatment in section 4.2. The total entro 
flow into source x from the piston-cylinder (entirely irre- 
versible) is obtained as; 



dS^.-" 

X 



dU . - dQ .+ a .dV . 

X X XX 

T . 

X 



(5.11) 



5.4 



written 



and the total entropy production of heat engine 



f 






(5.12) 



The total entropy gerenation is obtained by adding these amounts 
together over all sources and engines: 



iV 

Z 

= 0 




+ I Z dSl , 
i=0 J>i 



N dU . - dQ . + a .dV . 
- z t t t 

i = 0 ~ i 



+ 



+ 




/do, . . 
V ^ • 

' t 





(5.13) 



Our entropy constraint will be interpreted in the manner that 
the total entropy production (5.13) is required to be at least 
dS , where dS is a given differential parameter describing the 
minimum possible entropy production. Using (5.1) - (5.2) we 

therefore write: 



iV dT. d dV . 

Z c . + 1 Rv. . > dS 

i = 0 ^ "i i = 0 " ’’ i 



5 . 3 Exergy potential of system 



(5.14) 



The problem for us is to derive an expression for the maximal 
total amount of work that is extractable when given all initial 
temperatures and volum.es. Our objective function is therefore: 




(5.15) 



5.5 



to be maximized subject to the constraint (5.14) which is 
written : 



N T .d: 






— + Rn . dt) > Sdt 
. „ T . ^ V . - 

z = 0 ^ ^ 



S ( 



(5.16) 



where dots denote time derivatives, and to the new constraint; 



N 



V - Z V. = 0 
i = 0 ^ 



(5.17) 



where 7 is the given total volume of the entire system. 



Introducing the non-negative multiplier function a associated 
with (5.16) and multiplier B with (5.17), we form the Lagrangeai 



W f •*' f 

- - Z \ c .T .di + Z I 

J ^ ^ J 



iV 



T . 



i = 0 0 






i = 0 0 



“ — * 



V 



+ Rn . - S) dt - ] Z 7.dt 

'L V . ■' 

i 0 i = 0 



N 



(5.18) 



The Hamiltonian of the problem will then be: 



N 



® -■ * “'■‘’t IT * K - S 7 l> - 

^ - t? ^ V 



(5.19) 



The necessary Euler-Lagrange conditions are then: 



dH 



9T . 

t 






c . 



dT . 



GL = 0 , i = 0,I,. . . ,N 
i 



(5.20) 



dH 



37 . 



d 



. 



37. 



a - B r . . . ,iV 

i 



(5.21) 



5.6 



which immediately shows that: 



a - 



S - 3 



(5.22) 



implying that the constant multipliers a and E, similarly as in 
section 4.2 may be taken out of the integrals in the Lagrangean, 
permitting us to write: 



L = 



N 

Z 

i = 0 



T* 



-I 



T^. 

V 



Q .aT . 



ar 



c . 



Rn 



Vl 



dV . 



- S{d + lf^ ))'+ sr/('.V+:y ^ (5.23) 

0 0 

where T., V. are initial and T?, V* final values. The 
^ ^ z. ’ ^ 

necessary Kuhn-Tucker conditions now become: 



3L 

% 



a 





0 



i=0 , 1 N 



(5.24) 



3f 
3 7 . 




i=0,2,... ,N 



3Z 

3a 



N 

Z 

i = 0 



T* 




y*. 

z 



I 

r,0 



dV . 
—±) 
V / 



s y 0 



36 



V 



Z V. = 0 
'1 

i = 0 



(5.25) 



(5.26) 



(5.27) 



and a > t? , where a > 0 yields equality in ( 5.26) . In (5.26) 5 
denotes total minimal entropy production. These relationships 
show that all final temperatures are equal and that all final 
specific volumes are equal: 



5.7 



i=0,l,. . . ,N 



(5.28) 



r : -- a , 



V 



n . 



aR 



, i=0 , 1 , ,R 



(5.29) 



Also, since a > 0 , we have equality in (5.26) , with the conse- 
quence that the total entropy production is the least possible. 
Using the abbreviation: 



n - 



N 

I n 
i-0 



(5.30: 



we obtain the value of the second multiplier as: 



B ^ 



aRn 



(5.3i: 



We introduce the primitive function G.(T.) of a.(T.)/T. which 
coincides with S . C f j when temperature is the only state variabl 
Eq (5.26) then gives us: 



:/ 



.■^0 



Z (.G .(a,) - G .(T .) + log 
% = 0 



Y . 

t 






n .R 



) = S 



( 5.32) 



from which we obtain the mutual final temperature: 



0 

a = G "( I (G .(T .) + log 

• n 

1 = 0 



,t0\ 

n V . 

1 



n .Y 



n .R 
1 



+ S )) 



( 5.33] 



-2 

where G is the inverse function of I G^(a). The final 
volumes are obtained as: 



* ” 



(5.34) 



5 . 8 



i e as the molar share of the total given volume. Inserting 
our expressions obtained into the objective function (5.15) 
gives us: 



max 



0 

2 (U.iT.) 

i-0 " " 



U . (a) ) 

V 



(5.35) 



where a is given by (5.33) 

It might be of interest in this context to make a brief 
comparison between the final temperature as given by (5.33) 
and the one determined by the similar model in section 4.2. 

The difference between this expression and that of (4.19) . 
is the middle volume-dependent logarithmic term nov/ present. 
Since G and therefore G " are monotonically increasing func- 
tions, if this term is negative a will be lower in (5.33) than 
in (4. 19 ) and vice versa. We write this term in the form: 

/V 7^ ; 

Rl n . (log — - log —) (5.36) 

t = 0 t 

N N j 

Under the constraints Z n. = n and Z V. - V, this function 

i - G '1 = 3'' 

will have a unique maximum with the value zero. Therefore, 
in general, this term will be negative and only if all spe- 

Q 

cific volumes v.= V./n. are equal to start with, the expression 

^ 'V 'Z' 

will be zero-valued. Hence the presence of the middle term in 
(5.33) would contribute to a lower value of a and therefore 
a greater quite according to intuition. If work can be 

extracted both by heat interaction and by equalizing pressures 
in the system, then the ma.ximal amount of e.xtractable v/ork 
cannot fall short of the similar amount obtainable if only 
one of these alternatives were avialable. 

It is also clear that a higher positive S in (5.33) contri- 
butes to a higher temperature, and that reversible heat engines 



5.9 



would provide the ideal maximal work output. Hence the sxergy 
potential of the system will be: 




(U .(T^.) 



U .(G 



( I (GJT^J 
j = 0 ^ 



+ log 



( r /^1 

\ nV . 



n .R 
J 

;;; 

(5.37) 



Up to now, all sources have been treated symmetrically and 
it is evident from inspection that the expressions derived 
in (5.35) and (5.37) are symmetric functions of the source 
properties (T^-, , n .) . We now investigate the effects of 

increasing source 0 infinitely, giving it the interpretation 
of an environment. This process will be somewhat more involved 
in the present model as compared with the one in section (4.2) . 
The reason for this is that if only the number of moles 
of source 0 were increased, then the volume of this source 
would either have to be increased indefinitely or its 
temperature decreased to zero, according to the universal 
gas law (5.2) , if its pressure is to be kept at a finite level. 



For our purpose, it appears more natural to choose a case 
with an infinite volume, and finite, non-zero values of 
pressure and temperature, rather than an environment of 
zero temperature or of limited volume and infinite pressure. 
We therefore choose a process in which n^, and 7^ tend 
towards infinity, which also implies that n as well as 7 in- 
crease beyond all bounds. From (5.2) we thus have: 



RT : 



a , 



(5.38) 



where and are initial temperature and initial pressure 

of the environment, to be kept finite, and where and there- 

0 ^ 
fore V Q tend towards infinity. Also the heat capacity of 

source 0 tends towards infinity, which we write: 



5.10 



(5.39) 



- c 



where is the molar heat capacity assumed to be kept finite. 



We now take a look at (5.33) in order to study the behaviour 

of a as n tends to infinity. The middle term of the argument 

(J 

obtains the following limits: 



lim 



Log 



uO 
n V . 
1, 



n .V 



// 



R I (n . - 
j = l " 



0 

X ■/! 



R log 



rX 0 
V .C ^ 
^ 0 






, i = 0 
, i>l 



(5.40) 



A 

where we have used I'Hopital's rule in the case of i - 9, since 

/s 

the term behaves as Hence the> middle and third term S 

in (5.33) are finite in the limit. Using the representation 

Q 

in (5.32) , t.he first sum will be kept finite only if a T 
due to the term: 



G . (a) 

V 






- n 



f 

J T 

^0 - 0 



(5.41) 



which obviously requires lim a - . Therefore (5.32) will behave 

^ 0^ <=> 

according to the following formula as n =o; 



a 



Lvm 



n { -1 



N 



"o" “ ^0 



G . (T^.) 

t ^ 



- R(n 



Q,,0 
a . 
0 t 



R1 



.0 



) + 



+ log 



,,0 0 
k .a - 
t 0 

RT% . 
0 z 



n . 



) - S - 0 



(5.42) 



5.11 



In this expression the first term behaves as lim ^ q 



0 " 0 



^0* “ 



and in (5.35) the first term as lim q Therefore, ir. 



72 -► CO 

0 



the limit we have the following maximum work output: 



N 



I im W 



max 



n oo 



i = l 



(U . (T .) 

V t 



V 0 



+ (G . (A - G^. (T^.) 
0 z 0 z t 



0,,0 

a - V . 

Rn . (1 + 

^ ^rr.0 



RT .n . 
0 ^ 



OjrO 

a . 

-h log n — ) ) 






5 



(5.43) 



The formulae may be simplified somewhat by noting that all 



specific volumes V*/n. are the same at the final state. For 



the environment we have the constant specific volume: 



7 



0 



0 



RT 



lim — 

CO 



(5.44) 



Using this relation, (5.43) becomes: 



N 



lim W 



ma: 



Z (U (T°) - U (R) - tIcgjR) 

z = 0 



- G . (T .) 
z z 



,(2- -4 - tog ~^))) - 



0 

Tq s 



(5.45) 



0 



where denotes the initial molar volume of source i. In 
the special case of constant heat capacities we have 



5.12 



and therefore, 



for an infinite environment: 



I im 

n /,-*■ 



-- ^ 



n . ( j . ( 



i = l 



0 






5 

V . 



^ R - 1 - log -^))) - Z 



V 



0 



n - /^? \ 

Z n ( o '7* — ‘ Ra' — ‘ ) 

0 ‘U \„o 



- V 



and : 



N 



T^. 



Vim 



’ I n (o g(-^J 

i--i r, 



H.r-i;; 



(5.45) 



(5.47) 



where gix) = x - 1 - log x is the exergy function, of figure 
When there is but one source apart from the environ.ment , the 
two formulae become: 



Vim 



'mat 



’^7' 

J 1 






-Sf-s-'l 






(5.48) 



4.2. 

last 



Vim 



E = 






0 
V . 

Rg r-^) ) 



(5.49) 



This last expression is found in literature, e g in (Eriksson, 
et al, 1978] and was derived differently also in section 3.2. 



Reverting to the symmetric case with all sources finite, we 
investigate into the relationships valid in the case of 
constant heat capacities. With constant values of c - c^r.^., 
(5.33) may be written out explicitly: 



5.13 



:t r II g ' ( 5 . 50 ) 

i = 0 ' \Vn 

I 

,y 

where a = n .• a . , which shows the final temperature to 

i=0 ^ 

be a geometrical average of the initial temperatures corrected 
by a factor depending on initial specific volumes divided by 
final specific volumes and by a factor taking account of the 
total entropy production in all heat engines involved. The 
maximal work output and e.xergy potential in this case are: 



W 



max 



Z a . (T^ -a) 
i = 0 



E 



^ 0 
Z a .(T.-gl.) 
. . ^ ^ y 

%=o 



(5.51) 



(5.52) 



where is the value of a according to (5.50) for S = 0. 

In order to study the effect of changes in parameters on the 
exergy potential, we differentiate (5.33), which yields: 



?1 

Z 

i = 0 



a . 

V 



^ s (a. . 



57^ 

/ . 



AZ- 1 



+ ss 



5.53) 



0 0 

For an isolated change in 7. by 57. and a simultaneous change 

67 by the same amount we obtain a change in a in the same 

(9- ■' 

direction, since 7. * > 7 . Therefore volume increases have 

an adverse effect on the exergy potential, since the final 

/s 

temperature then increases. If, on the other hand, 7 is kept 

constant and an increase in 7*^ by 5 7*? is compensated for bv 

0 0 ^ 0 ^ 

a decrease in 7. by 57. - - 57., we obtain that 5a > (9 when 
0-1 0-1 ^ ^ ^ 

n .V. <n .V . and oa < (9 in the opoosite case. Therefore an 
increase in a volume with a small specific volume combined 
with a decrease in a large volume with a high specific volume 
will decrease exergy and vice versa. 



5.14 



An isolated change in one single initial temperature T'. by 

0 0 0 

5?’^ changes a by 5a/a = ( a J a) !iT ^. / T ^ and E by; 

5? = (l-aT^.~^) 5T^. (5.54) 

E will therefore increase in T^. when T . is above its geometrical 
average and decrease when it is below this average, exactly 
as in section (4.2). A large number of other effects of para- 
meter changes are possible to analyze, but are omitted. 



5.4 Exergy potential of more general systems of sources 



As a final case we investigate a system, the (N+1) elements 

of which are characterized by a number of different properties. 

To the 3 th element, j - 0,1,..., N, is associated an internal 

energy U. which is a function of its entropy S., its volume V. 

<7 0 0 

its molar contents rz . . , i - 1,2,...,M, assuming M different 

0 

substances, its electrical charge q and its extent of a 

d 

possible chemical reaction z .. For an ele.ment of this kind 

0 

Gibbs' fundamental equation takes on the form [Yourgrau, et 
al, 1966, p 14] : 



M 

T .dS . = dU . + a .dV . - Z y . ,dn . . - .da + v .dz . (5.55) 

0 0 0 0 0 . 1-2 ^'0 ^0 ^0 '0 0 0 



where u is pressure, y. . chemical potential 

'j 0 

to substance i, ‘p . electric potential and v . 

0 0 
the chemical reaction. 



with respect 
affinity of 



5.15 



A chemical reaction would of course change the number of moles 
of different substances, meaning that the n. . and the 2 . would 
depend on one another. In (5.55) , however, we let the dn . . 

13 

denote changes in molar contents due to the exchange (and flow 

of matter, the sum of such changes for each particular substan 

being zero, whereas molar changes due to reactions are covered 

by the dz . . A different formal treatment v/ould have been to in 
3 

elude both kinds of changes in the dn . . differentials alone. I 

^3 

such a case, if only changes due to a chemical reaction were t 

where • is the s toiahiometria 
ooe f fiaient of substance i (describing the number of moles par 
ticipating in an elementary reaction, negative numbers for thej 
reactants and positive for the products) and the affinity then 



occur, we have dn . . = z, . .dz . 

^3 ^3 3 



will be V. = - Y. -j cf (Yourgrau, op cit, pp 245-246, Wils, 

A H, 1957, pp 370 ff]. With this interpretation the third and | 
fifth terms in (5.55) would coincide, making one of them super 
fluous. However, in such an approach, there would be net changi 
in the total molar contents of certain substances which would 
make our constraints more complicated. Therefore we have pre- 
ferred to distinguish between the two types of changes in the 
molar numbers. 



The intensive properties in (5.55) are interpreted as the deri ■ 
tives: 



3i7 . 

■7 




d 
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(5.57) 



oU . 



.7 



oV . 
J 



J 





i = l ,2 .M 



(5.58) 




(5.59) 



37 . 




V 



J 



(5.50) 



The number of exten.xive properties of each element is there- 
fore (M+4) and the total number of properties necessary for 
determining the state of the system is i' :i + 1 ) ( M+ 4 ) . 

We investigate the problem of maximizing the amount of work 
to be extracted W, subject to the conditions that the extrac- 
tion processes generate entropy amounting to the internal 

irreversible generation dS . concerning source j, j = 0, 

J 

that the total volume is given and constant V, that the molar 
contents of each substance (ele.ment) are given by r . , i = 0, 
that the total charge is given by q and that the 

/N 

total extent of chemical reaction is given by z. The work ex- 
tracted must be equal to a corresponding decrease in total 
internal energy: 



J 




(5.61) 



the integral of which is to be maximized subject to the 
constraints : 



;/ 

I dS ^ ^ 
3 = 0 




(5.62) 
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where dS is an abbreviation for the total entropy production, 
and : 



N 

l 



3 = 0 



V . = V 

3 



(5,63) 



N 

Z n . . = n . , i = l , 2 , ,'A (5.64) 

• 'i-3 T' 

3 = 0 




(5.65) 




(5,66) 



By forming the Lagrangean: 



L 



r N ... M . . . 

J Z (-U . + aS .-QV .+ L y .n . .■^Xq .-£2 J 

0 3=0 0 3 3 y^ = 3 ^3 ^3 3 



dv 
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where a,S,T-jA and £ are multipliers, and the associated 

't' 

Hamiltonian : 
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we obtain 



the necessary maximization conditions: 
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(5.70) 
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As in our previous models, these conditions imply that all 
multipliers are constants and therefore that the integrand 
in (5.57) is an exact differential. Thus L will be independent 
of the path by which the final state is reached: 



L - 



iV 

I 

3 = 0 



((U.-U*.) 
3 3 



+ a(S*.-S .-S .} - 
3 3 3 



<3>(V*.-V(U + 1) 
3 



M 

+ I '{ .(n*. ,-n jN + 1) ^ ) 

z = l ^ 



+ \ (a*. -q (N + 2 ) ^ ) - 
'3 



- z(z .-z (:i+ 1) ~ ) ) 
3 



(5.74) 



where, as before, zero superscripts denote initial states and 

asterisks denote final states, S . being the total minimal 

3 

entropy production of element j. The following Kuhn-Tucker 
conditions are then obtained: 



oL n 

r a - — ^ 
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(5.76) 
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where we have interpreted the derivatives in the middle 
members according to (5.56) - (5.60) . Also we have the 
additional conditions: 
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where a strict inequality in (5.80) would imply a = 0. Quite 
as expected we find from (5.75) - (5.79) that all elements 
must share their intensive property values at the final state. 
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Since T*. > 0 , we have a > 0 implying an equality in (5.80) 

■j 

meaning, as before, that the total entropy generated is the 
least possible. Hence, all final temperatures are equal, all 
pressures are equal, all chemical potentials of the same sub- 
stance are equal, all electrical potentials are equal and all 
reaction extents are equal. The multipliers are also directly 
interpreted as these variables respectively. 

By adjusting the given parameters, we find the work extraction 
to change by : 



6F/ 

max 



iV ^ ^ M 

a Z 6S , -f 857 - E y .i,n . - 
c=0 <7 ^ 



A6q 



+ 



-5' 



(5.35) 



Since a > 0, W will increase when the entrooy generated is 
made to decrease and vice versa. This -does not mean, however, 
that V is linear in entropv, since a also will depend- on 
parameters given. The exergy potential is therefore obtained 

when solving (5.75) - (5.84) with 3. = 0 for all j. 

3 



The following set of equalities implicitly provides optimal 
values of the state variables: 
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(5.90) 



These equations for j * < together with (5.80) - (5.84) are 

altogether (N+l)(M+4) in number and, in general, would provide 
sufficient information for solving for the unknown final 
state given by the same num.ber of variables.it is clear that 
this solution is in complete accordance with the symmetry 
principle, since the system of equations are invariant with 
respect to any permutation of the element indices. 

With the final state known, the maximum work output will be: 
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(5.91) 



The exergy potential 3 is given bv the same equation for the 

particular case that Z 5. - 0 in (5.80). 

3 = 0 ^ 



Let us also note that = ^ > 0 according to (5.85) , which i 

would indicate that an autonomous expansion of the universe 
would continuously provide new opportunities to extract use- 
ful work. Therefore, from an overall cosmological standpoint, 
with, an expanding universe energy might not be a scarce resource 
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Let us now study the effects of making one of the i*V + Zj elements^ 
say element 0, infinite in its extensive properties thus 
departing from the symmetry principle. This will mean that 
its intensive properties T., a , u.„, and will keeo 
their values constant when this element interacts with other 
elements. These intensive properties of the environment will 
therefore also coincide with the values of the multipliers. 

When these properties are known, the optimal final state of 
all other elements (j>_l) will be determined by: 
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(5.93) 



(5.94) 



(5.95) 



(5.96) 



Solving these N(M+4) equations for the same number of unknowns 

would provide us with a partial solution, namely the final 

extensive properties S*., h*, n*., q*, z*, for i - 2,2,...,.^!, 

*j J '^2 ‘J C 

J - 2,2,...,N. At this state all elements will be in equilibrium 

with one another and with the environment. This will provide 

us with sufficient information to compute the differences in 

U. in (5.91) for J _> i • The remaining term for j 0, however, 

J 
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behaves like « - «> when the environment is made infinite. Let 
us therefore write this difference as the integral: 



■initial initial 
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where we have used the fact that (5.86) - (5.90) also must be 
satisfied for j = 0. From (5.80) - (5.84) we may solve for 
the differences obtained and insert these into (5.97). This 
provides us with the following expression for 
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where we have applied a generalized version of (2.87) and where 
S is the total entropy generation. The exergy potential is then 
obtained simply by setting S = 0 omitting the last term, since 
the level of S cannot affect the solution to ( 5 . 92 ) - ( 5 . 9 6 ) and 
therefore neither affect any other term but this one. It is 
readily seen here that the term I^S represents lost work due to 
irreversibilities and that this amount is proportional to S when 
the environment has infinite extension, v;hich is not so in our 
former case consistent with the symmetry principle. Hence, with 
an infinite environment the exergy potential of the system is 
the sum of the exergy potential of each object (not counting the 
environment) . 

Finally, taking a more abstract look at the question of 

determining the exergy potential, we may envisage any system 

of sources as made up of ('1 + 1) elements each having its own 

set of M extensive state variables x.., i = 

t.j 

J - 0,1,..., N. If each element posesses an internal energy 
U. depending on its current state, the elements will be in 
equilibrium at states satisfying: 





for all i , j ,k 



(5.99) 



The limitations of the system and the processes available 
might be given in the form: 



‘ n 

I (x* .-X ..) - X . = 0 , for all i 

J = 0 



(5.100) 



/V 

where x^. are given parameters (cf ( 5 . 6 2 ) - ( 5 . 66 ) ) . Since the 

X . . are extensive properties, for an isolated system we would 
^ J ^ 

have x^. - 0, except possibly for the index corresponding to 
entropy, and when all processes take place reversibly also 
this x^. would be zero-valued. Equations (5.96) - (5.97) con- 
tain altogether M(ll + 1) independent equations implicitly deter- 
mining the values x* . and thereby also determining: 



5.25 



(5.101) 
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The exergy potential would be obtained by interpreting for one 
index i of the variables r . . as this set of variables being 



entropy and requiring the corresponding parameters 
be zero. 



T'3 



to 



The asymmetric case of letting extensive properties of element 
0 tend towards infinity is omitted since its derivation would 
exactly follow that of our previously described case. 

With the generalizations given above, the results may be inter- 
preted quite generally. For instance, if magnetic force fields 
are to be included among the intensive properties, internal 
energy obeys the differential equations [Holman, 1969, pp 
181-182] : 

dU - TdS + 'Aq EVdM (5.102) 



where H is the magnetic density of the external field, M the 
magnetic dipole moment and the magnetic permeability of 
free space. Obviously one of the x. .-variables in our treatment 
then may be interpreted as S and the other as M. 

5.5 Proof that exergy depends on changes in environmental 
intensive orooerties 



In this section we include a proof that the exergy potential of 
an ;V-element system with a finite environment, in general cannot 
be obtained simply by replacing the intensive properties in the 
expression for the constant environment case by the similar 
equilibrium intensive properties in the non-constant environ- 
ment case. This means that formulae of the type (5.93) or 
(3.53) in general are only applicable to cases with an infinite 
constant environment. This, of course, does not limit the 
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applicability of the exercy concept as has been shorn in se- 
veral non-constant environnent cases treated. 

Consider an //-elenent system with an invironment, the proper- 
ties of which are denoted by zero subscripts. Together these 
are isolated v/ith the exception of work being extracted. The 
internal energy U of each elenent j and the environment 

d 

3=0 are aiven linear homogeneous functions of M e.xtensive 

properties x. i = I, 2_, ...^ y. : 
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where the y.. are abbreviations for the intensive properties 

J At the final equilibrium state, denoted by asterisks 

we know from (5.99) that y.. = y- is independent of j (all 

X 3 X 

intensive properties of the same kind are equal) . As before 
we use zero superscripts to denote initial values. Let us 
denote the exergy function according to the constant environ- 
ment formula by E and according to the general treatment in 
the preceding section by S’. Thus according to the generalized 
version of (5.98) we have: 
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and according to (5.101): 
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Also, since the system including its environment is isolated 
and since all processes are reversible, when determining its 
e.xergy potential: 
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Taking the difference between (5.105) and (5.104) and using 
(5.103) and (5.106) gives us: 
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Hence, when the initial intensive properties of the environ- 
ment differ from the corresponding equilibrium properties 

y * in the general case we would have E + S’. If positive and 
negative terms in the sum were to cancel each other, this 
would be a mere improbable concidence. Also xve know for 
certain, that in the one-element case there would be only one 
term present, preventing any possibility of cancellations. 

5.6 Concluding remarks 



From the discussion in section 2. 7 , it is clear that entropy 

production is inversely related to the time of duration of 

the extraction process (or rather, the speed of the process). 

This implies that W is positively related to this tine of 

duration. An overall optimization would require a balance to 

be struck between the amount of work extracted and the time 

this would be allowed to take. If t denotes the time of 

extraction, we have S - S(t) and r/ = W (S). Essentially 

max max 

we therefore might view an extended problem to be to maximize 
V subject to a maximum value of t. The sensitivitv of W 

max 

to a ahangs in the choice of t would be given by: 
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which in the case of an infinite environment reduce to: 



d-V 



rna: 



av 



= - T 



CLo 

0 dt 



(5.109) 



Some thoughts along similar lines are given in [Andresen, et al, 

1977, Salamon, et al, 1977} , cf also [Weinberg , 1978, p 154, and 

Odum, Pinkerton, 1955]. Of particular interest are the basic 

relationships . derived in [Eriksson, et al , 1976, pp IV.1-IV.2] 

concerning a minimum possible entropy production rate and the 

corresponding minimum exergy destruction rate for a sim.ple 

' . 2 

conversion process, the latter rate given by T - Xq(E)'^ , 
where is a constant and E the exergy power converted (cf 
(2.21)). Hence, at the level E - / we would find that all 

exergy converted is used up in the process itself, and that the 

net exergy power would take on its maximum /4 at the gross 

• -1 ^ 

level E = Xq (half is then conserved, half destructed) . It 

certainly appears essential for future research in this area 
to study the actual entropy generation processes and to find 
relations of the type S(t). 
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CHAPTER 6. EXERGY POTENTIAL OF RADIATION 



6.1. Introduction 



In this chapter we shall develop some expressions for the 
potential amount of work that may be extracted from incoming 
electromagnetic radiation reaching a collector in which it is 
absorbed. 

Due to the increasing interest in solar energy utilization, 
it should be of importance to carry out deeper analyses in 
this area. As yet however, the topic of an exergetic (or 
entropic) analysis of radiation appears to have gained little 
interest in literature with a few exceptions [Thoma, 1978, 
Griimm, 19 78] . 

Our treatment to follow will be brief and elementary in nature. 
Our objective is to point out some possible lines of thought, 
rather than to' present models that presume to be complete or 
final in any sense. The originality of the ideas presented 
below has not been examined. 

6.2. Basic concepts and relationships 



Central concepts in the theory of radiation are absorptivity cs , 
reflexivizy o and zvansmizvivity t. Radiation meeting a surface 
may be absorbed or reflected by the surface, or transm.itted 
through the surface. The absorbtivity measures the fraction of 
the radiation that is absorbed, reflexivity the fraction 
reflected and transmit tivity the fraction transmitted. The 
first law (the energy principle) therefore requires: 

a+p+T-I (6.1) 

For a perfectly opaque, surface we have x = 0 and for a black 
body a = 1, Q = X = 0. 
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A surface with a non-zero temperature emits radiation. This 
emission is described by the sm-issive poi:ei' or radicnay H of 
the surface, measuring the total energy emitted in all 
directions from the surface per time unit and per unit of area' 
Since the emission usually covers a range of frequencies v 
or wavelengths X, the product of which is the velocity of ligh'i 
in vacuum a = Xv , the radiancy wavelength distribution R dX 

A 

explaining the fraction of radiancy in the interval [X^X + dX] 
is of interest. We therefore have; 



CO 




0 



( 6 . 2 ) 



In a general case, will depend on X , on surface temperature: 
T, on the direction of emission and on surface material charac- 
teristics. For a black surface we denore its radiancv distri- 

" _ ^ I 

bution which depends only on X and according to Planck's \ 

energy densdvy Ig-j [Jenkins, White, 1975, p 434] is given by: 
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dX 



(6.3) 



in which appears the two constants: 
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1. 4353 ’1Q~^ [mK] 


(6.5) 



where the value of r, assumes X to be measured in r.. Inte- 

/ 

grating (6.3) yields she black body radiancy: 
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which is the Soefan-Polsrr.ayzn lav and v/here c is the Ssefan- 
3olzr:ann ccnsoant: 
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(6.7) 



a = 6. 669 -10 ^ [Wm K ' ] 

The ernissivivy ^ surface is defined as the ratio be- 

tween its own radiancy distribution and that of a black body 
having the same temperature: 

e^(T) = R^(T) /R,^^(T) (6.8) 

Apart from temperature and wavelength (frequency) , the emis- 
sivity in general also depends on direction and material 
characteristics . 



By definition z.(T) is identically unity for a black body, and 
no other surface exceeds this value. For a theoretical gray 
surface, its emissivity has a constant value e_<2 and for a 
diffuse surface e^(T) is the same in all directions. The 
radiancy of a surface may therefore be computed as: 
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z. (T) R.. (T) d\ 
J A OX 
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e a 






(6.9) 



where the right-hand member holds for a grey surface. 



For any surface, according to Kirckoff's law the absorptivity 
and emissivity at any given temperature T are equal: 



a^(T) = z^(T) (6.10) 

which applies in any direction. 



6.3 Work and power extraction from radiation absorbed by a 
grev collector 



Let us consider a collector surface facing a given incident 
radiation described by its known radiancy distribution R^dX. 

If the surface is opaque and has emissivity (and absorptivity) 
at temperature T, the net radiancy absorbed will be: 
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For a grey surface this becomes; 



hR(T) - e(R - aT^ ) (6.12) 

If the surface is cooled and the flow of heat leaving the sur- 
face is Q per time unit and its area is 4 , in equilibrium (no 
tendency for temperature changes) we must have: 



At(R - aT ) = Q 



(6.13) 



which gives us the equilibrium temperature: 

T* = J(R - Q (6.14) 

Obviously this temperature increases in the incoming radiancy 

^ • 

i? and emissivity c and decreases with the level of cooling Q. 
Therefore a black body gives a higher equilibrium temperature 
than any other grey surface. 

For a neither grey nor black surface, the equilibrium tempera- 
ture is determined implicity by: 

CO 

Az^(T)(R, - R,,(T)) dX - Q = 0 (6.15) 

A A Da 

0 

In order to derive a first expression for the exergy potential 
of radiation in a simple case, we now assume that there is 
access to a finite body having a constant heat capacity and 
temperature and that a heat engine is inserted between a 

grey collector with the area A and this body, as is described 
in figure 6,1. 
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radiation 



Grey 

collector Absorbing 




Figure 6.1. Heat engine inserted between collector and body 



The net energy absorbed per time unit is: 

Q - Az (R - oT^ ) (6.16) 



where T is the temperature of the collector. We investigate how 
to choose T and for how long a time period t the engine is to 
be operated. 



We therefore maximize: 
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W = 



(Q - c^T^)dt 
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subject to the entropy constraint: 
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(6.17) 



(6.18) 



where 5 is a given instantaneous rate of entropy production in 
the engine. The work W is to be maximized by a suitable choice 
of T,Tq and t. We form the Lagrangean: 
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where a is a non-negative multiplier. The associated Hamilto- 
nian is: 
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and the Euler-Lagrange conditions for an extremum become: 
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dTo dt 
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Therefore a must be zero-valued thoughout the process and a 
constant. Eq (6.21) then implies that the optimal value of T 
must be constant, since Q depends only on f. By integrating 
(6.18) we find: 

•h 

(f QT " dt + S ) / a n 

e 0 0 ^ 
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(QT 't 



+ S ) ! o 
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(6.23) 



Therefore the work extracted as a function of time, may be 
written: 



W = Qt 






- 1 ) 



(6.24) 
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If Tq < T, it IS easily seen that there must be a unique maxi- 
mum in t determined by: 
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from which we obtain the optimal value of duration t = t* 

._7 

t* = Q UoqT log ; TS*) (6.26) 

T^^(Q+TS*) 

where S* and S* are evaluated at t* , Inserting this expression 
into (6.24) yields the maximum work output: 
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Q+S*T (Q+S*T): 



ajT(j(T^^T h - g(Q(Q+S*T) ^)) - TS* 



(6.27) 



where g(’) is the exergy function (cf figure 4.2) and where we 
find the usual lost work term TS* . Compared with the one source, 
infinite environment thermal system there appears here a second 
term also in the form of an exergy function, similar to the 
ideal gas case, but here it is neaative. In the case of a con- 
stant entropy rate, we have S* = S*v* - St*, which combined 
with (6.26) gives us: 
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log 
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(6.28) 



With this expression for the optimal duration, the maximum work 
output becomes: 

V (T) = a. T — g 

max 7 . i 

Q+ST 

where T' is an abbreviation for TQ(Q+ST) ~ . If we compare our 
expressions in (6.27) and (6.29) with the corresponding ones 
for thermal systems, we find the environment temperature now to 
be interpreted as the operating temperature T in (6.27) or the 
temperature T'(<T) in (6. 29), where the lost work term has 
vanished, and the initial "body" temperature interpreted as the 
initial sink temperature 



(Q+ST)T 

QT 



a ■ 



( ^ ) 
\ - j- j 



(6.29: 



Since the function V (2’) according to (6.29) is unbounded in T 
for a reversible process S = 0 , the exergy potential would be 
obtained for the highest possible operating temperature in the 
collector , i e for: 

T* = J Ro - (6.30) 
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which is the temperature of the incoming radiation. Inserted 
into (6.29) with S = 0, this gives us: 




(6.31) 



Differentiating E with respect to shows £ to be a decreasing 

0 ^ 0 

function of for initial values lower than T* , just as ex- 

pected. 



Clearly, when T = T* , this means that no incoming radiation is i 
absorbed. However, the limit obtained in (6.31) is finite. This 
paradox is explained in the following way. When the temperature' 



decreases towards zero. But at the same time the optimal 
duration of the process t* increases towards infinity. The time 
integral over the extracted power then approaches the finite 
value E although the integrand approaches zero. 

Comparing (6.31) with the simplest case of a thermal system wit 
one finite source and an infinite environment (4.44) shows that 
the two exergy potentials are equal when the radiation itself i 
interpreted as "the environment". 

Proceeding to the case of an infinite body able to act as a sin 
for a heat engine coupled to a collector, we would then expect 
results similar to the case of two infinite sources treated in 
section 4.5. However, there will be a slight difference as is 
shown below. Our problem is to maximize the power output: 



where is the heat flow entering the sink from the engine, 
subject to the entropy constraint; 



T is raised, the fraction of incoming radiation taken care of.,y 




(6.32) 



. -2 • -2 

-QT + > S 



(6.33) 
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where S is a given minimal rate of entropy production and where 
Q, as before, depends on the temperature of the collector 
according to (6. 16) • We choose - and Qq as the two decision 
variables. Forming the Lagrangean: 



L = W - Qn o.(-QT 



+ Q. 






- 3 ) 



(6.34) 



and differentiating, the following necessary Kuhn-Tucker condi- 
tions for a maximal power output are obtained: 



3L _ dQ 
dX 3 ? 



(1-a: 



) + aQX 



-2 



- 0 



(6.35) 



3L 




-i 



+ 




0 



3L _ 
3a 



-QT 



1 







(6.36) 



(6.37) 



where a>0 would imply an equality in (6.37). If we require 
W > 0, then we must have either Q^Q ^ > 0 or < 0 , the 

latter case demanding a "sink temperature" in excess of 
the operating temperature T, which means that the collector 
acts as an emitter, i e a sink. We restrict ourselves to the 
former case. Since > G , v/e have a = X from (6.36) which 
means that X^ is the environmental temperature (and not X) 
and that we have equality in (6.37) and therefore a minimal 
entropy production. Also from (6.35) the following fifth- 
order polynomial equation with a single parameter is obtained 
determining the optimal collector temperature: 



3F 



4AzX^ ( 



R 






1 ) = 0 



(6.38) 
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The expression within the parenthesis is monotonically increas ic 
in the argument T ^ , it is negative for a small enough argumm 
and positive for a large. Therefore there is a unique maximum 
with respect to T, denoted T* , for any given T g. 

Eq (6.38) may be rewritten in the following way: 



I (i_\^ 

4 \T* J 




(6.39) 



where T 






Ra 



-1 



is the temperature of the radiation. This fon 



shows that the ratio between the temperature of the radiation 
and that of the environment TT^ is a weighted average of TT* 



.-1 ,5 



and (rr* ) illustrating that T* is in the interval [T.,T]. 



Also we see that TT* 



-1 



0 - 

is a monotonically increasing function 



of TT 



0 



It appears difficult to find a more explicit analytical expres- 
sion for the solution, but a numerical solution has been com- 1 
puted and is given in figure 6.2. 



Although the optimal operating temperature T* is independent ! 

^ I 

both of the emissivity e and of the entropy production S, the: 

« 

maximal power output would not be so. The exergy of 

radiation must therefore be defined with respect to other 
characteristics of the system in which it is taken care of. 

Also for W (T*) it would be difficult to obtain explicit 

ul CZ 

expressions. From our basic equations (6 . 32) - (6 . 33) we have: 

• • 

= Az(l-T.T*~^)(R-aT*^) - T. S = 
max 0 0 

- Aza(l-T^T*~^ ) (T^-T*‘ ) ~ T^ S (6.40) 

where T* is given by (6.38) or (6.39) . Although T* is only give 

as an implicit function of T„ and T we can express W (T*) 

^ 0 ^ max 



6.10 




Figure 6.2 Optimal ratio T*T as a function of 



either in (T*jT^)or in(T*^T)i 



W (T*) = 
max 






^ m c ~ 
^0^ ~ 



'' d d ^ 2 
(T'-T*' ) 



= Aea-TT-r 



T'+3Z 






^ C 

^0^ 



(6.41) 



The exergy power potential would thus be interpreted as: 



E = Aca 



7 O 

^ 0 



^ ^4 ^ j 2 



(6.42) 
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6.4 The influence of the emissivity characteristics on power 
extraction 



Let us now analyse the influence the emissivity property of thi 
collector might have on the potential power extraction in the 
case that there is access to an infinite sink. Using the same 
notations as in the preceding section we wish to maximize: 



y = A(l-T^T 

u 



e, (T) (R-R, . (T))dX - T .S 
X X o\ 0 



(6.43) 



This rate depends clearly on surface properties by z^(T). For c 

given temperature T an ideal oollectov would have an emissivity 

1 

maximizing the integral in (6.43); ' 



t^(T) = 



Ij for X such tha\ 



R. > i?, . (T) 
X — dX 



0, for X such that R < R-, (T) 

A O A 



(6.44) 



It is therefore also clear that an ideal collector would depend' 
on the spectrum of incoming radiation. Using such an ideal 
collector, the power extraction rate becomes: 



W(T) 



- A(1-T^T 



CO 

max{0,R^-R^^(T) }dX 

0 




f 

(6.45) 



Since increases monotonically in T according to (6.3), the 

integral is a monotonically decreasing function of T, whereas 
the coefficient preceding it increases degressive ly . The power 
extraction rate is therefore the product of an increasing and a 
decreasing function of T. 



-2 

The coefficient (1-T^T ) is zero at T^T^and the integral is 

zero for a sufficiently high temperature. A sufficient condi- 
tion for the existence of a positive maximum of li(T) is there- 
fore that R. > R,.(T.) for X in some interval. Conditions for 
X ox 0 

uniquenes in such a maximum depends to a great extent on the 
form that R, exhibits. 

A 
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Let us introduce the auxhiliary variable y defined by: 



Y ^ (1-T^T ■) 



(6.46, 



Clearly y is a one-to-one mapping of T. The pov/er extracted may 
now be written: 



W(y) “ ^ I ^ax{Jjy(R,^-R^^(y)))d^ 



(6.47) 



It is easily shown that is a convex function of y, 

since: 



°2 „ . , , ^ 2^2 ^2 , , ^ ^ 
dy X.j t>\ b\ 

G 



(6 . 48) 



and repeating the differentiation would yield; 






> 0 



46.49: 



Therefore y(R - is a strictly concave function of y. 

This, unfortunately, does not guarantee that the integral of 
max {0 , y ( R-H~^ ( y ))} is concave in y. 

The functions 2?,^ and 2?^^ may intersect at several points in ' 

Denoting upper points by and lower by . for intervals 

where 2?, > R-,. we mav write: 

X — bX 



W(y) = Z f yr2? -2?, , 
. j X bX 

^ X . 



(6.50) 
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Differentiation yields: 



dX . ^ d\.^ 

-y(R-.-R,-.) - y (R^ .-R, ^ .) + 

Cy X^ oXv ctY X^ o\% 



= A (Z ( ^ y(Ry--p^'R-^ - 



A.ry; 



dA - y 






X.(Y) 






ai? 



bX 



3y 



dA ; 



(6.51) 



The first two terms vanish since - i?. , at intersections. 
Candidates of y to maximize W(y) v/ould therefore be found amond 
the solutions to: 



max{0 ,R ^-R^^(y ) } dX - y 



ai? 



dA 



9y 



dX = 0 



(6.52) 



where the domain of integration AeF covers values of A satis- 
fying 



A second derivation of (6.51) would yield several negative ] 

3.^ A ' 

terms but also two positive terms depending on -r-r — at points of 
intersection. This prevents a definite conclusion that W(y) 
would be concave in y, but such an assumtion still appears 
reasonable for simple forms of R . For all practical purposes 

A I 

it therefore appears as if the solution in y and therefore in T 
is unique. In the special case when the incoming radiation 
originates from a black body to be applied to solar radiation 
in section 6.7 below, there will be at most one intersection A 
between the spectrum of the incoming radiation - QR-^^(T) 

and the emission spectrum of the black collector i?, (T), where ■; 

6 is the fraction of the original radiancy reaching the collec- 
tor, T the temperature of the source and T the temperature of i 
the collector. When T _< QT there will be no intersection for 
any X > 0 and when QT < T < T there is exactly one intersec- 
tion. To the left of this A =■ A the incoming radiancy is greate: 
than the radiancy emitted by the collector and this relation is 
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reversed to the right of a. It is also easily found that ^ , 

i e that the point of intersection moves to the left when the 
temperature of the collector is increased. Of interest is there- 
fore to study the function ili'iiT)) in (6.50) where the inregra- 
tion is to take place over the only interval 

An ideal collector combined with an optimal choice of ? will 
yield a maximal pov/er per unit of collector area. Thus it seems 
impossible to disregard material characteristics as v;ell as 
choice of temperature when defining the theoretically maximal 
power output, ie the exergy pov;er potential. If exergy is to be 
defined in this way, it would therefore presuppose the notion 
of an ideal collector. 

6.5. Exergy power potential of parallel radiation 

Up to now we have considered a given incoming radiation meeting 
a collector directly. Let us now study the effects of concent- 
rating the radiation e g by means of a parabolic reflector as 
illustrated in figure 6.3 or by using an ideal convex lense. 







Figure 6.3. Parabolic reflector concentrating radiation 

Assume that the reflector is ideal , having unit reflectivity 
p-i, that the area the reflector covers perpendicularly to 
radiation is .4, that the effective collector area is a and that 
the incom.ing radiation in a first case is parallel. Let us 
define cp as the ratio .4/r of these two areas. On the average 
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the radiancy distribution of radiation meeting the collector 
will therefore be (pi?, . According to our previous discussion the 
radiation absorbed per time unit at temperature T will be: 

oo ^ 00 ^ 

c J zjT)(R.iO - R,.(T))d\ - 4 / z.(T)(R-^)~'R,fT))dX' (6.53) 

A A C A A A 0 A 

0 0 

For a grey collector to which a reversible heat engine is 
applied, the extractable power at temperature T is therefore: 

W(T) = Ae(l-T^/T) (R-ii)~^ oT^ ) (6.54) 



] 

For each given tp there will be a unique T* > maximizing j 

W(T) determined from the solution to (cf (6.39)): ' 



IK 

3F 



AzoT qT 

(pF 










0 



(6.55) 



where T is the- temperature of the concentrated radiation 

^ 

T = J i?(pa . Solving for cp as a function of T* yields: 



(p - 



or* 



(6.56) 



For r* _> 3T^/5, this is a one-to-one mapping as is illustrated 
in figure 6.4. 



Due to the monotonic character of <^(T*), we may use T* as an 
independent variable describing the maximal power output as 
an indirect function of cp. Inserting <^(T*) into (6.54) yields: 

. 4(T*-T 

W(T*) - AzR < AzR (6.57) 

T*(4T*-ZT 

Differentiating this expression shows a positive derivative in 
the interval T* > we are considering. This means that the 
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Figure 6.4. Reflector/collector ratio 4 ? as a function of 
optimal temperature F* 

maximal W(T*) is a monotonically increasing function of cp. From 
(6.57) we find: 



lim - W(T*) = lim W(T*) = ,4eF 
45 “ r*-+ 00 



(6.53) 



Hence v/hen the area of the collector is made to decrease 
towards zero, the maximal power output tends towards the in- 
coming radiancy adjusted for the emissivity (absorptivity) . 
Therefore, for a black surface, theoretically all incoming 
parallel radiancy may be transformed into mechanical work, 
which means that the exsrgy power potential of parallel 
radiation is: 
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6.6. 



The influence of the disoersion of the direotion of 



radiation on power extraction. The second law as a geo- 
metrioal principle 

! 

In the real world there is no truly parallel radiation. Such 
radiation would have to be generated by a point source at an ■ 
infinite distance from the collector and the souroe would 
therefore have to have an infinite power of emission. Let us 
therefore investigate the opportunity to increase the radiancyi 
obtained from a finite emitter by means of reflection or 
refraction. Throughout we assume that the source is grey (or 
black as a limiting case) and that therefore Stef an-Bolzmann ' s 
law (6.9) holds. 

A source of a given temperature will emit a certain radiancy. 

If the area of the source were given a special geometry, the 
radiancy from different seotions of the emitting area oould be| 
made to converge towards the same small part of an absorbing j 
surface. Similarly, the radiancy from a section of the source j 
could be made to converge towards a small part of the absorber< 
by means of ideally refleoting or refracting devices. If the 
radiancy at the absorber by such means were raised above its 
level at the source, this would mean that the equilibrium 
temperature of the absorber (no oooling) would be higher than ' 
that of the souroe. This would olearly be in oonflict with the' 
second law, since heat in the form of radiation would be trans- 

I 

mitted from a body with lower temperature to a body with highe: 
temperature. Therefore, aocording to the seoond law, it is | 
impossible to construct a geometry of the source, or a , ■ . 

I 

reflecting or refracting device, that would account for such a, 
high degree of conoentration . However, this limitation is in 
essenoe a more or less geometrical question, apart from the 
application of the Stef an-Bolzmann law. To show that radiation 
oan be concentrated up to a maximal level by means of geometri-' 
cal considerations, can therefore be looked upon as justifying 
the second law from a geometrical principle. The relationship ‘ 
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betv/een radiation and the second law aroused interest in the 
early days of thermodynamics <'cf [Gibbs (1833) , 1906, 
pp. 404-405]). 

We assume that the emitting source is a grey surface and that 
the emission is uniform in all directions from every point on 
this surface. Consider a given point on the emitting surface, 
a small flat surface element dA ^ surrounding this point, and 
a similar point on a receiving surface and a small flat surface 
element dA ^ surrounding that point. Let the distance between 
the two surface elements be r and the angles betv/een their 
normal vectors and the line joining them be ‘I>^ and ^ 
respectively, as is shown in figure 6.5. 




Emitting 

surface 

element 



Figure 6.5. Emitting and absorbing surface elements 



The amount of radiation dW(dA^) leaving dA^ and received by cf.4 

must be proportional both to dA ^ projected perpendicularly to 

direction of dA ^ and to the solid angel subtended by dA ^ , which 

means that this amount of radiation is proportional to dA^cosO 

-2 u J 

and to dA^GOS'^^v : 

± 1 
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C1 



(6.60) 



. dAaosO dA^aos<^^ 

dW(dA ) - aonst ^ 

which is an expression for Lamherv's law [Jenkins, White, 1957 
pp 108 ff]. Introducing spherical coordinates (r, 0^ ^^)) with a 
origin at dA^, we let - 0 . A solid angle element defined by 
the differential angles dQ , d^>, will then be dCl - sinQddd^o . 

Since the emitting surface is grey with a temperature of T, 

4 

its total emission from dA in all directions is dA . 

o 0 

Integrating (6.60) over the half space above dA^, we therefore 
obtain : 



^ 2ir -n/2 

dA^eoT - aonst dA ^ f f aosd sind ddd^p - 

1^=0 e=o 

j 

Q '' yi 90 

- 2tt aonst dA ^ — 1_ d0 - tt aonst dA ^ (6.61) , 

0 

4 -I 

Hence the constant in (6.60) will be zaT it , which is the 
pkotometria brightness of the source. 

Let us now place the receiving element dA^ at the origin with 
its normal vector in the direction of 9-(7 and let the emitting 
surface be defined by an equation: 



f(r^Q,iS>) - r-rj (%y<p) - 0 



(6.62) 



which means that we have set 8-0^ . The total amount of radia- 
tion, the total luminous flux, received by dA ^ will now be: 



eaT dA. . 



dW = 



aos 0dA^ 

2 

r 



zoT^dA. 



sin2^ 

2 



ded^p 



(6.63) 
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where the integration takes place over the total solid angle 
subtended by the emitting area A^. Since the integrand is 
everywhere positive (Q^^/2), it is at most t , v;hich v/ould be 
obtained in the case when .4^ covers the entire hemisphere as 
seen from dA ^ . Therefore we must have: 



dW < 




(6.64) 



which means that the incoming radiancy (the ill'^rnir.anae ) is 
limited by: 



R 




car 



(6.65) 



From (6.14) we know that the maximum temperature of an absorber 

(grey) is at most T* = / Ro ^ , where R is the given radiancy 

hitting its surface. The inequality of (6.65) means that the 
temperature of the absorber is limited by: 

T* < T C6.66) 



v;hich is nothing but the second law. Hence, as expected, the 
temperature of a collector absorbing radiancy is limited by the 
temperature of the emitting source. This case shov/s that it is 
impossible by manipulating the geometry of the emitting sur- 
face 4^ to increase the incoming radiancy beyond the level of 
the emitting radiancy (in any case for grey emitters) . 

We now turn to a second case in which a reflecting surface is 
introduced in order to concentrate the emitted radiation 
towards a collector. Thus there are three surfaces to be con- 
sidered, the emitting, the reflecting and the absorbing sur- 
faces. As previously, let us place an element of the absorbing 
surface dA ^ at the origin of a spherical system of coordinates 
and let the direction 9-1 follow the normal vector of this 
element. Furthermore, let us denote the equation of the 
reflecting surface: 
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= r - - 0 



( 6 . 67 ) 



and an element of this surface dA^. The configuration is 
described in figure 6,6, 



F igure 6.6. Emitting, reflecting and absorbing surface 
elements 

Let the vector point out the surface element dA ^ and 
the element dA ^ . The vector will then point from dA ^ to 

dA „ . According to the law of reflection, if a ray from dA ^ is | 
reflected at and reaches the origin, the incident and re- 
flecting angles at dA must be the same, which, in vector 

Cj 

terminology, requires that the follov/ing scalar product is 
zero : 




Reflecting 

surface 

element 



0 



Absorbing 

surface 

element 



Emitting 

surface 

element 




} grad g (r, Q = 0 



( 6 . 68 ) 
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where gvcid is the gradient of g and therefore a 

normal vector of dA „ evaluated at r,. For a given v , this 

eauation will be a relacionshio betv;een the derivaties ttt— , t-;— 
and the coordinates r^ejcp at r., . A question is the multitude 
of points that might satisfy (6.68) for a given If the 

coordinate system is directed so that falls on the axis ^ = " , 

(6.68) turns out to have the v/ell-knov/n solution: 

Ir^l + - h(^) (6.69) 

where is an arbitrary positive function having a 

magnitude of more than For a fixed longitudinal angle <p, 

(6.69) describes elliptic arcs having the distance |r^| 
between the tv;o focal points and with the longer half axis 
h (u}J/2 . 



For a given dA^ at placed on the axis 6=0, this surface 
element can at most be reflected towards dA^ along a path lying 
on a surface (6.69) as 9 varies or a portion of or the whole of 
such a surface. It should also be noted that if is a point 
of reflection satisfying (6.68) for a given then no other 

r^=r’^, i e no other dA can emit a ray to be reflected at r> ^ 
since the new dA'^ v;ould either block or be shaded by the pre- 
vious emitting element dA^. 



From our previous equations, the amount of radiation reaching 
dA ^ from dA ^ will be: 



dW(dA J 

u 



tcT'dA^ cosO^dA^ oosO^ 






(6.70) 



If d.4 „ is suitably oriented, this a.mount will be reflected at 

a 

and hit dA ^ at the origin. If dA instead were chosen as an 

emitting surface element with the same characteristics as dA ^ 

1 

(same e and T) , then dA „ would receive the amount: 

U 
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iW(dAj 



7 



(6.71) 



zaT~ dj- 



>30, dA^ aosO^ 



TT r , 



For a given dA ^ , the two differentials dW(dA^) and dW(dA^) mus- 
be equal, since the two cases simply involve a reversal of th< 
direction of flow. This provides the following relation betv/eei 
dA ^ and dA ^ : 



dA ^ aosO^ 




(6.72) 



The total radiancy from dA 



R(dA^^) 



j- r dW ( dA zaT 

\ dA - 7T 

^2 ^ 



0 

4 



at dA , would therefore be: 

J. 

■r aosO^ cosO^ dA ^ 




zoT" 



n 



JJ 



aosd sinQ dQdo 



(6.73) 



since 0^-9 and dA ^ aosO^\r^\ is the solid angle subtended by 
dA as seen from the origin. The integration in (6.73) takes 
place over that part of the reflecting area A^ that satisfies 
(6.68) . No other dA ^ may be reflected by the same solid angle 
already integrated over in (6.73), but well over some other 
portion of the hemisphere above dA^, or emission from some othe 
dA ^ might reach dA directly, provided there is a portion of tl 
hemisphere available. Taking all opportunities of reflection ar 
direct transmission into account, the total incoming radiancy ^ 
will be: 



R 



eo- 



.4 



// Qos^ sinQ d9d<b _< zaT~ 

t; Q 



(6.74) 



where n accounts for the total solid angle the emitting surface 
covers either by reflection or directly. 
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Therefore, once again v/e find that the incoming radiancy is at 
most that of the source and that the temperature of the collec- 
tor can reach no higher level than that of the emitting surface, 
i e the second law explained by a geometrical principle. 

Similar findings would be expected for cases of concentrating 
radiation by means of refraction in ideal convex lenses, but 
such considerations are omitted here. 



Let us now turn to the question of pov;er extraction from 
radiation emitted by a finite source assuming this extraction 
takes place by using an ideal heat engine inserted between a 
collector and an infinite environment with the constant 
temperature The main results from section 6.5 may now be 

applied directly. There it was shown that the extracted power 
per unit area of incoming radiation would increase as a 
function of the reflector/collector ratio cp. In the present 
section it has been shown that the radiancy could be concent- 
rated no more than to that of the emitting source. This means in 
the case of a black body emission at the temperature T, an ideal 
reflector and a grey collector, that the reflector/collector 
ratio (p can be at most: 



4 ) 

ma 




(6.75) 



where R is the radiancy reaching the reflector. The optimal 
operating temperature will then, as before, be given as the 
unique solution to the fifth-order equation (6.55) or (6.56) 
v/ith <p - (p according to (6.75). Therefore the exavay vo'jer 
potential from the non-parallel radiation will be given by 
(6.57) with W(T*) exchanged for E: 



. 4(T*-T )‘ 
E = — 



T* ( 4T*-ZT 

0 



(6.76) 



v/here A is the area and e the emissivity of the collector, R 
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the radiancy reaching the collector and T* the soluton to (6.5f. 
Clearly, the exergy power potential of non-parallel radiation 
must be lower than that of parallel radiation according to the 
inequality in (6.57). The dispersion in direction of the in- 
coming rays is therefore also a property to be taken into 
account when evaluating the exergy power potential of radiatiorj 

6.7. Solar energy 



As an illustration to the ideas set forth in the previous 
sections we consider radiation emitted by the Sun. The Sun is a 
spherical ball of gas made up of a number of different layers, i 
The surface accounting for the continuous light spectrum of thJ 
Sun, the photosphere , has an approximate temperature of T=60CO 

8 

and a radius of r = 7-10 m. The distance to the Earth is I 
j j sun g j 

r = l.S'lO + 2. 5 ’10 m, the shortest distance reached in 

January and the greatest in July. The Earth has an approximate) 

6 i 

radius of r - 3.37’10 m. 

eartn 



The solid angle subtended by the Sun as seen from the Earth wil 
therefore be: 






sun 



Tr 



sun 



2 

r» 






10 



~0 



3.84’ 




[ steradians ] 



(6.77) 



which accounts for only a fraction 1.00 ’10 ^ of the total hemis 
phere visible from the Earth. Therefore the Sun may well be 
appro.ximated as a point source. 



The spectrum of the Sun as measured above the atmosphere of the 
Earth (figure 6.7) shows that the Sun can be approximated as a 
black-body radiator. Certain wave lenghts are missing due to 
absorption in the Sun's atmosphere (the Fraunhofer lines). 
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Figure 6.7. Radiancy distribution of the Sun above the atmo- 
sphere of the Earth compared with the black body 
radiation spectrum (figure adapted from [Namnde n 
for energiproduktionsforskning , 1977, p 29], 



Assuming the Sun to be a spherical black body radiator, its 
total emission will be given by the Stef an-Bolzmann law (6.6): 
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the experimentally obtained value being more like 4-10~~W. Of 
this radiation the Earth will receive the fraction: 
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or per square metre perpendicular to the radiation: 
R = aT = 1.6-10'^ [Wm ] 



(6.80: 



v/hich is slightly above the experimental value 1.4‘lJ'^Wn " . 
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This function, illustrated in figure 6.8, has a maximum of 
* - ’ -2 

W(T*)A ~ = 107 Wir. at the collector temperature T* - 356K, thi 
solution corresponding to a value of 7 - 420K and - SOOK in 
(6.39). With a black collector (the best of all grey collector' 
and no concentration of the radiation, there is only a fractioi 
of 6.7 per cent of the incoming radiation available for power 
under ideal conditions in all other respects as well. 



On a bright sunny day some of this radiation would be absorbed: 

by the atmosphere of the Earth, on a cloudy day it would be ' 

reduced severely, and at night the radiation meets other parts 

of the Earth. The actual radiation will therefore vary a great' 

deal with time of day, meteorological conditions, geographical 
location etc. For the sake of illustrating our previous ideas 
however, let us assume the theoretical conditions given above i\x 
that the Earth can act as an infinite environment having a | 
temperature of T^=300K. 



As a first case we consider the (unconcentrated) radiation to 1 
absorbed by a black collector. The incoming radiation has a 
radiancy given by (6.79) and the net power extracted from an 
ideal heat engine will then be: 
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(6.81) 
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Figure 6.8. Power extraction per square metre as a function 
of collector temperature for a black collector 
and for an ideal collector 



Let us now study consequences from introducing an ideal collec- 
tor as defined in section 6.4. The radiancy distribution of the 
radiation reaching the Earth, assuming no distortion to be 
caused in the spectrum, will be: 

^2 

(6.82) 

,52 r „ 

X r 2 



R ~ R r^] 



6 . 29 



where the constants and are given by (6.4) and (6.5). 
The radiancy of a black collector at T will be; 




In order to obtain conditions for the ideal collector we need t 

find the oossible intersections between the curves and 

X o\ 

According to section 6.4 there is only one such intersection. 
Using our assumed values of v ^ j r ^ T, we solve for \ = \(T)a.s a ! 

SHYl 

function of T. The resulting curve is shown in figure 6.9. 




Figure 6.9. Intersection X as a function of collector tempera- 
ture T 
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Using an ideal collector, the pov/er output of an ideal heat 
engine as a function of collector temperature v;ill be : 
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The integracion involved has been carried out numerically and it 

‘ - 2 -2 

shows a maximum of >/rr }A = 10 SO Wm at a temperature of 
ca T*= 830K. The corresponding curve is also shov/n in figure 6.8. 
Apparently the choice of optim.al collector properties can in- 
crease the amount of power available considerably, in this case 
approximately tenfold, taking care of about 65 per cent of the 
incoming energy flov/. It is an open question, of course, v/hat 
materials that are available, nov/ or in the future, that have 
emissivity properties approximating those of an ideal collector. 



Finally, let us assume that v/e have an ideal reflector (or re- 
fractor) of an area A by which the incoming radiation may be 
concentrated .maximally. Using the same data as previously, if the 
radiancy reaching the reflector is F, and the reflector/collector 

— 7 

ratio A a the maximal radiancy reaching the collector 

will be: 
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v/hich means that the theoretical maximum of the reflector/ 
collector ratio is: 
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v;hich is extremely high from all practical aspects. The maximal 
pov/er output from an ideal heat engine, using an ideal collector 
having the temperature T, is thus: 
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0 



However, according to section 6.5, there is no intersection 
between R. (T) and R. (T) for any T<T. Hence, the question of n 
ideal or a black collector would be irrelevant for solar 
radiation if it were concentrated maximally. Therefore (6.87) 
may be integrated explicitly, in which case we arrive at (6.40', 
yielding an optimal collector temperature of T*=2540K and a ; 
maximal power output, and therefore an exergy power potential, 

• _ T • -2 

of iV.4 13S0 Wm This amounts to some 85 per cent of th 

total radiation. Of course, 2S40K is an impossible operating , 

I 

temperature for practical reasons. However, the result obtainej 
points at as high a concentration of the radiation as possible' 
should be desired. • ' 

6.8. Exergy and radiation . 

In the foregoing we have attempted to indicate that it would b( 
a nontrivial matter to evaluate radiation from an exergetic po;ii 
of view. Apart from environmental properties such as the heat 
capacity or temperature of the environment, also eraissivity 
properties of the collector have an influence. Also, other 
characteristics than the intensity of the radiation affects th«: 
opportunity to extract work. In our treatment, we have restrict' 
ourselves to the dispersion in the direction of incoming rays 
when they originate from a black-body radiator. Other propertie 
that might be of significance could be polarisation and coherer 
of the radiation [cf Thoma , 1978, p6, Gruram, 1978, pp 7-10]. 

Our treatment has been brief and speculative with no presumptic 
to provide any complete or final results, but rather to indicat 
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some possible lines of thought. There appears to be ample space 
for future research along a number of different paths. A more 
general treatment of the influence of the dispersion of the 
direction of incoming radiation might depart from a given 
density dF(Q,^) at different points on a surface, where 9 and 
ip are measured from such points. Also the limits of concentra- 
ting radiation from a non-grey emitter might be examined. 

In section 6.3 we restricted our analysis to the case that the 
collector operates at a temperature above that of the environ- 
ment. The converse case, utilizing the environment as a warm 
source and the collector as an emitting sink, would also be an 
interesting opportunity to examine further. 
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CHAPTER 



ECONOMIC MODELS OF ENERGY EXTRACTION 



7.1. Introduction 



In this chapter we introduce economic entities, namely vr'ijss, 
into our models treated in chapters 4-5, in order to derive 
properties of the optimal plan for how energy should be extracted 
under different ideal circumstances. 

As a first model in section 7.2 we consider a system of II 
infinite heat sources, from which energy may be extracted accor- 
ding to the model given in section 4.5. A variation of this model 
is then given in the form of a schematic thermo-electric plant. We 
then introduce prices into, the thermal systems of section 4.2, in 
which there are 11 finite and one possibly infinite source, v;hich 
is the topic of section 7.4. The section following treats an 
economic model slightly different from those previously given, in 
which there are production factors which are not necessarily 
energy flov/s as such but rather fuels and similar resource inter- 
pretations. In a final section we introduce prices into the 
models of chapter 5, treating systems of ideal gases. 

Throughout we attempt to show that is not energy as such that 
should be considered a scarce resource, but rather the e.xergy 
potential than a system of a given configuration is characterized 
by. Although v;e do not depart from the concept of exergy itself 
in the basic models to follow, instead choosing the second law as 
a fundamental constraint, it will be found that our results most 
conveniently can be interpreted in exergetic terms. 

7.2. Economic model of power extraction from a system of .7 
infinite heat sources. 



Let us consider a system of N infinite heat sources similar to 
the thermal system in section 4.5, each source characterized by 
its constant temperature i = 2 , 2 , . . . , II . Between these sources a 

set of heat engines are connected in order to extract power. 



Without any loss in generality the sources are assumed to have 
different temperatures. The set of engines may be replaced by a 
single engine according to the discussion in section 4.5, this 
engine characterized by a given minimal entropy production rate 
S. Let us also introduce a set of prices p ^ ^ r> . . . ^ r ,, , where v. 

~ ' 1 ' Z 'I 

is the price in value units per energy unit of the energy of t’r 
source having temperature T.. The symbol p having no index will 
denote the value of pure work (or power) . In order to keep the 
notations as simple as possible, we refrain from using dot- 
notations for rates and flows. As in section 4.5 a flow will be 
positive when it approaches a source and negative when it leave 
the source. 

The sign of the price of source i needs som attention. When a i 
heat flow Q . of the source is positive, this means there is an | 

V ^ ’ j 

energy flow to this source. If energy is "sold” we receive a ' 
revenue in such a case. We apply the convention that price is 
negative for a positive flow yielding a revenue. If there instel 
is a net cost associated with the disposal of energy to source 
price is positive. On the other hand, when Q. is negative, ener;/ 

'L' 

is received from source i. If this is obtained at a cost, price 
is defined as positive, and if instead a revenue is associated ‘ 
with such a flow (e g if the source is deliberately kept cold) 
then price is negative. Hence we apply the convention according 
to table 7.1. 




Table 7.1. Sign convention on prices 

Since the model most naturally is associated with a net cost fo 
extracting power, this net cost C is chosen as the objective 
funtion: 
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i = l ' '' 

The principle problem we are to analyze in this section is as 
follows. A given minimal level of pov/er V is to be extracted at 
as low a cost as possible, subject to a second law entropy const- 
raint. Hence, C in (7.1) is to be minimized subject to the 
follov/ing contraints: 



N 

I Q . + W < 0 
i = l 



N 



n-1 



S - Z Q .T . < 0 

. , -z. t — 

z=l 



(7.2) 



(7.3) 



We introduce the non-negative multipliers 3, associated with 
these tv;o contraints and for.m the Lagrangean: 
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(7.4) 



V=1 ■ "u = i 

The Kuhn-Tucker requirements for a minimum are obtained as: 
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= -p . + a T r = 0, 



Z Q_. + W < 0 



..,11 



(7.5) 



(7.6) 



3 "■ 
3a 



^ - S- Z Q .T r < 0 



3jCi > 0 



(7.7) 

(7.8) 



where equality in (7.6) or (7.7) holds -when 3 or a are positive 
respectively and where a strict inequality in (7.6) or (7.7) 
implies 3=G or a=0 respectively. Due to the linearity of the 
problem, the conditions are both necessary and sufficient for a 
cost minimum. If these conditions cannot hold simultaneously due 
to some specific choice of parameters p,. , -V and S, then a minimum 
v;ill not exist, i e it will be possible to earn infinite profits. 
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V^e have already assumed that all temperatures are different 
Let us combine the above conditions for two different index 
values in (7.5), say i and j. This gives us: 

V .T .-p .T . 

8 = i 0 (7.9) 

<■ 0 

T_.T . 

a = 'p' Jf - 1 0 (7.10) 

<■3 

These two sets of inequalities have extremely far-reaching cons- 
quences. Let us first divide the set of possibilities into the 
two cases that either all prices p., are equal to 

A “ ~ i 

say p, or they are not all equal. VJhen they are all equal we ha= 

-s // 

C = -p Z Q • = which means that the cost would be indepen-, 

‘ I 

dent of any choice we might wish to make, and we would also hav 
a=0 making the second law constraint ineffective and 8 -p , which 
means that any solution satisfying (7.6) with equality and (7.7 
will be optimal. 

In practice, there would always be some energy source, an envi-^. 
ronment, providing heat or absorbing heat at the price zero. Ifi 
prices are equal, they would all be zero in such a case, which 
obviously is unrealistic since we knov; of energy we are willing 
to pay for. 

Let us therefore rule out the case that all prices are equal an 
assume in the following that at least two prices p__. and p^. are . 
different. This implies by (7.10) that a>0 and that when compa- 
ring any two sources a hi-gher-tampevatursd 30uvo3 must kava a 
higher price (or lower negative price) : 

T. > T. implies p. > p.j for all i,g (7.11) 

1 j ■ ' V ' g 

Hence, a source ’jith a higher temperature has a quality that 
justifies a higher economic value. Price must necessarily 
increase with temperature. 
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when we are dealing with negative prices (according to the 
interpretation conventions previously given) , a higher tempera- 
ture will yield a less negative price. This may be interpreted 
for instance as a lower cost for cooling an engine. 

If the temiperature T ^ of one of the sources tends tov/ards infini- 
ty, we find from (7.9) that: 

V .T .-V .T . 

6 - lim — — = V. = V (7.12) 

Hence, S is interpreted directly as the value of work. This is in 
complete agreement with the effects of a marginal change in W ■. 

^ = 3 (7.13) 

meaning that a unit change in the amount of power e.xtracted will 
increase the total cost by 6-p . For a marginal change in the 
minimal entropy production rate d we obtain: 

^ = a > 0 (7.14) 

dS 

which gives us an interpretation of this multiplier. The strict 
inequality in (7.14) implies an equality in (7.7) meaning that 
the actual entropy produced is at its very minimum, v/hen costs 
are minimized. 



Returning once again to (7. 9) -(7. 10) we find that if any two 
prices and the corresponding temperatures are given, then all 
other prices are uniquely determined. Let us denote two such 
reference sources by (p'jT') and (p"^T"). The solution to (7.5) 
can then be written; 
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(7.15) 
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which shows each price p to be determined as a special kind o 

'Z' 

linear combination of the tv’o reference prices p' and p". If v/i 
now interpret p' as the price of work, ie p ' =p and p'-co, we 
obtain : 



p^. = p ( 1-T"T J ) + p"T"T~^ 



(7.16) 



or : 



p 





(7.17) 



It is clear from (7.16) that if p>0, then for a sufficiently Icj' 
T., p. must be negative since always p>p^* Therefore, if we lei 
change continuously, at some point the corresponding p^ wilij 
be zero. Let this temperature be used as a new (third) point olj 
reference denoted T* . Solving with p^-=0 in (7.16) yields; I 



T* 



(v '-p")T’T" 
V 'T'-p "T" 



T"(l-p"p~^ ) 



(7.18) 



where the right-hand member refers to the case p ’ =p , T ' =<=° . 
Eliminating T" from the right-hand member and (7.16) yields the 
two important equations: 

r . - p(l-T*T~} ) (7.19) 

•'i % 

V . 

V - — (7.20) 



which must hold good for all T ^ . This form is nothing but the 
original optimization condition (7.5) rearranged. 



If a certain source would have had a zero price, then it would 
have the temperature T* . However, T* is defined by (7.18) whetl' 
or not there actually exists a source with this particular tem- 
perature . 
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The right-hand member of (7.20) will be referred to as a 
turs-d-Csocun~ed prije (discounted with respect to temperature 7.). 
The reference temperature I* may conveniently be interpreted as 
the temperature of an environment from or to v/hich energy may 
be collected or disposed of free of charge. 



Therefore, as a .main result of this section v/e must conclude 
that if an opti.mum e.xists, at this optimum 2 II temperature- 
disoountsd prices mu3z he squat, and in addition, bs squat zo 
the price of vork . The equality (7.20) can therefore be consi- 
dered as an important condition for how the values of differently 
temperatured energy sources are related to one another and to the 
value of v/orJc. 



Temperature-discounted prices v/ill be shov/n to be of great signi- 
ficance in all remaining sections of this report. Therefore we 
introduce the special designation p for the right-hand member of 
(7.20). 

Reverting to (7.10) again, we find: 

- a - vT* (7.21) 

35 

v/hich means that the value of the multiplier a equals the price 
of work multiplied by the "environment" temperature. 

Inserting (7.19) into (7.1) and usi.ng the equalities of 
(7.2)-(7.3) we also obtain: 

C = p(W-hT*S) (7.22) 

which shov/s the minimal cost as the value of pov/er produced pW 
added to the value of the lost power pT*S . 

In this section v/e have found that when temperature alone 
characterizes the quality of e.nergy, this quality v/ill reflect 



/ . / 



the value of this energy according to (7.19) , temperature ma 
be interpreted physically as energy density (concerning the 
molecular kinetic energy, cf section 2.8). The economic value 
of heat energy of temperature T is thus given by: 

^ p(l-T*T~^) (7,23) 

This function is illustrated in figure 7.1. 




Figure 7.1. The value of energy as a function of absolute 
temperature 



Up to now we have made no explicit reference to the exergy con- 
cept, our results being based on the second law constraint 
directly. However, we may easily make an exergetic interpretatir. 
of the price p „ expressing the economic value per heat unit of 
temperature T. If a flov/ of heat limited at were obtained fr 
a single source outside of which there were an infinite environ 
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ment of temperature the exergy power potential associated 

with this flow would be S’ ^ ) according to (4.90). 

Evaluating this potential at the exergy (work) price yields the 
economic value: 

pE = pQ^(l-T*T~h - p^Q„ {1 .7A) 

This means that t'm price per heat uniz evaluates the amcur.z 
of exergy znis neaz corre sponds to az tae given price of exirav 
(i e at the price of work) . Although our economic model presented 
does not rest explicitly upon prior knowledge of the exergy con- 
cept, apparently its results are conveniently interpreted in 
terms of exergy. This indicates that exergy in fact could be 
defined from the economic model as an alternative to the 
physical definitions given previously. From (7.24) for instance, 
we could define the ratio p^Qrr,p ' as the exergy power potential. 
Either v/ay, exergy must be interpreted as vhe corzrzon scarce 
resource in the system. 

7.3. Examole of schematic thermo-electrical cower clant. 



As a fairly concrete example of the considerations given in the 
previous section we shall analyze the basic economic relations- 
ships of an idealized thermo-electrical power plant. This plant 
is fed by a heat flux Q. of temcerature T, obtained for instance 
from burning fuels. Electric power (of exergy quality) is 
produced at a level W and "excess heat" of temperature T may be 
provided to a network for domestic heating purposes. Cooling the 
plant may also take place at zero cost and at a rate 5^ in the 
environment having temperature . The plant produces a minimum 
entropy at a given rate S. We diverge from our sign convention 
as to the heat flow , defining it as positive when entering the 
plant. The unit cost of producing $ . is given by the positive 
price p^, the electricity price is denoted p and the price of 
heat for domestic purposes p^. We assume that the heat influx is 
limited by a capacity ceiling Q^, and disregard all operating and 
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capital costs apart from those incurred for purchasing . The 
thermo-electric plant is to maximize its profits which are 
denoted V. As in the previous section, for simplicity the dot 
notation is omitted for the flow quantities. The system is ill' 
strated in figure 7.2. i 

I 

Let us formulate our problem in the following way. The profits 

V = pW + p^Q„ - (7.25) 

are to be maximized by a suitable choice of W, Q ^ and Q ^ , 
subject to the constraints: 



Q^~Qq+Q^ — 0 



I . - g^T~- - 's ^ 0 



Q ^ Q 2 — ^ 



> 0 




(7.26) 

(7.27) 
(7.2G) 
(7.29) 



Figure 7.2. Energy fluxes related to schematic thermo-electric 
plant 
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IVe introduce the non-negative Lagrangean multipliers v for 

the inequalities {1 .26) - {1 .23) and form the Lagrangean: 

L = pW + PrrrQrn - P-jQ-, + 3(-W-Q„-Q +Q.,) + 

j. -t J. J. 1 J j. 

+ Oi(Q^T~^^ -Q^T~^ -S) + y(Q.-Q.) (7.30) 

The necessary and sufficient Kuhn-Tucker conditions of this 
maximization problem are as follows: 
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(7.31) 

(7.32) 

(7.33) 

(7.34) 

(7.35) 

(7.36) 

(7.37) 
(7.33) 



where equality in either of (7 . 31) - (7 . 37) must hold, if the 
corresponding variable in (7.38) is positive, and where the vari- 
able in question has a zero value, if its corresponding const- 
raint is a strict inequality. Before analyzing the solution to 
this model, let us reintroduce short-hand notations for temoera- 
ture-discounted prices. As we have shown in the previous section 
a zero price environment temperature is determined either by the 
temperature of a source that actually has the price zero (say at 
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temperature T , or by constructing an artificial source from 
two reference sources, one of which could be an infinite tempej 
rature source characterized by the exergy price p and T=^ , the; 
other characterized by some other price p^. and a finite temoer- 
ture Z . . 

For our purposes in this model, different environmental temper. r 
tures are of interest. Either we have the "natural" environmen- 
with zero price and temperature T^, or we may construct artifi' 
cial environments, .4 and 3 respectively, based on and 

(p^jT), or on (p^,T^) and (p^jT). Also, when the entropy const-' 
raint is ineffective and therefore o.=0 , we must interput the | 
envirorjnent as having a zero temperature T*=0 (cf (7.21)). In 
such a case, heat of any temperature is of exergy quality and 
discounted prices take on their non-discounted values. The | 
environment alternative based on (p^^) and (p ,T ) appears to 1, 

'll I 

of no significance in this example. ' 



The following designation are introduced. The temperature- 
discounted price of source i having price p . and temperature T 
discounted with respect to the "natural" environment will be' 
written: 

V . = (7.39) 

For the environment .4 defined by (pj<^) and (p^,T^), according t 
(17.18) its temperature will be: 



7 ’* 

-A 




( 7 . 40 ) 



and for the environment 3, it will be: 
(p-p)TT 

7 ^ * - - ■■ > £ 

"3 



( 7 . 41 ) 



Discounted prices with respect to these artificial environments 
are denoted: 
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(7.42) 



(7.43) 

and therefore 

(7.44) 

Let us now consider the three thenr.odynamical constraints 
(7 . 35) - (7 . 37) . A basic assumption of the model is that r^<IT<r,. 
From these conditions we can distinguish four basic cases depen 
ding on the chosen levels of S and Q^. 

Case I 

< S . (7.45) 

In this case there is no solution due to the feasible set 
being empty. The maximum available energy input Q-, does not 
suffice to provide the minimal entropy production by any means. 

Case II 

= S (7.46) 

In this case there is the only solution 

yielding the profits (a loss) amounting to V=-p^Q^. This is a 
case of "pure resource disposal" or "pure entropy production", 
since no valuable output at all is created. 

Case III 



- p 

- 



f ' 

.4 

. 



-J ^ iifi qi 



When the entropy constraint is ineffective 
we write the (discounted prices: 



-0 

p . - r . 

r yj i. yj 







(7.47) 
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This case provides a number of different solutions depending o 
the chosen values of the parameters p^,p^,p, and S. 

Case IV 



0 < S < Q^(T (7.43) 

Also this case provides a variety of solutions. ^ 

I 

I 

I 

In tables 7. 2-7. 5 all solutions in cases III, IV of this e.xampl 
are listed. As is seen, the number of different cases is quite!* 

I 

extensive and it is easily found by inspection that the dis- j 

i 

counted prices play an extremely important role for determining 
the structure of the optimal plan. In order to simplify nota- ! 
tions, the following abbreviations are used in the tables: 



—I -1 -1 

T -T 
0 1 



- 7 - 7 



^0 



S-Q^(T 
^ 0 - 



Qiji 



- 7 - 7 



(7.49) 



(7. 50] 



(7.51) 



(7.52) 



= MaxiOtX)^ for any variable x (7.53) 

When a variable s may be chosen freely v/ithin an interval [x,y] 
i e , the interval itself is shown. 



By multiplying the optimization conditions (7.31) - (7.37) by 
their respective variables and adding these equations together, 
we obtain: 
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V 



(7.54) 



- - -» 5 + Y $ ^ 
from which the multipliers are interpreted as: 



iZ 


(7.55) 


3 5 




3 V 


(7.56) 







i e as sensitivities with respect to changes in the parameter 
values 5 and Q ^ . Only the signs of these multipliers are shov/n 
in the tables. The right-m.cst column gives the temperature of 
the environment, interpreted for each case. 

From the above results a number of conclusions may be drav/n , 
one of the more important being the necessary conditions for V, 
or or both 17 and taking on non-negative values. By inspect- 

ing the tables, we find that in order to have V _> <7 , either we 

- -3 ~ 

need p j ± p ox, in case p < p.^, p, P / which means that the 
price of electricity must be at least as high as the di-scounted 
price of energy input. Also, i.n order to have 0 , we always 

need p < i e the discounted price of domestic heat must reach 

at least the discounted price of energy input. Furthermore, if 
both W and are to be non-negative, then either we must have 
p - p^ _> p^ , or, v/hen the entropy generation rate is sufficiently 
low (case IV) either of Py < p < py and pj _< p or p ^ p - p,-,.The 
latter two subcases might be interpreted as electricity being 
a side product of domestic heat. 
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Table 7.2. Solutions in cases III, IV for parameter values 
satisfying Pn, < p ' 
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Table 7.3. Solutions in cases III, IV for parameter v alues 
satisfyiny p < p <- p , 
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Table 7.4. Solutions in cases III,, IV for parameter values 
satisfying p - p,„ 
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Table 7.5. Solutions in cases III, IV for parameter values 
satisfying p < p„, 



7.4. 



Economic model of energy extraction from a system of 
finite heat sources. 



The model to be treated below is based on the ( 'j+2 ) -source sys^’ 

I 

described in section 4.2. Apart from introducing prices, the j 
notations will the same as applied previously with T . , a . ( T 

"Z- 'I* "Z* Z ' 

being temperatures, initial temperatures (all different) and ' 
heat capacities of source i,5 the given minimal rate of entrop^ 
production, .V the given minimal amount of work to be extracted' 
the constant price of heat from/ to source i, p the constant' 
price of work. Asterisks, as before, will denote final values ■: 
the respective variables. When there is no risk for any confusir. 
these will be omitted. 



Our problem is to minimize the total cost for providing at lea;:; 
the work output W subject to the second law entropy constraint: 
Therefore we wish to find temperatures (and possibly their time 
paths) that minimize: 



c 



N 



Z V . 



=0 



c .(T .)dT . 



T^. 



(7.57) 



subject to: 





.0 

i 




+ W < 0 



21 c.(T.) 

r. ^ ^ ^ m 

^ 

i=0 ^ 



+ Sdt < 0 



(7.58) 



(7.59) 



Introducing the multiplier 3_>7 and the multiplier function 
c.(t) > 0, we form the Lagrangean: 
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* / ^ i V - x > 

L = - I p . ^ a . (T . )T .dt 1- Z f o.::.)T.+W 

i=0 0 ^ " i=0 0 ' ^ " 



- / o^(t) ( Z 



v=0 



a .(T .) 

V V 



- S ) dt 



(7.60) 



The associated Ha.Tiil tonian function is: 



H(T.,T.,t) - -rp.-S+ J .T . -t i(t)3 

% 

and the Eulerian equations then become: 



(7.61) 



3ff d -hH 







a 



c ,(T .) 

rp 

j. • 

V 



0 



(7.62) 



exactly the corresponding result as in (4.13). However, i ~ ) in 
this context is slightly differently interpreted due to our now 
having a cost function as our objective function. Since 

'L' ”2^ 

we obtain: 



a=aonst 



(7.63) 



which enables us to bring cs outside of rhe integral in which it 

appears in (7,60). This gives us the possibility to write our 

Lagrangean function in the form; 

T* 



L = - Z 
i = 0 



(p 3.(T.)dT. + $W + aS 

^ 1. T . t ^ ^ 



(7.64) 



T^. 



The necessary minimization conditions will then be; 




% 



- 0 , i = 0 , 1, . . 



(7.65) 



38 



2 (U .(T J-U .(T^.)+W) < 0 

. n 'i. t % X, — 

x=0 



(7.66) 
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.V 



- 5 - Z (3 .(T .)-S .(T.) )< 0 
B a . ^ ^ z t t — 

z=0 



(7.67) 



0j a > 5 



(7.68) 



where U. (internal energy) and S (entropy of source) are the 



monotonically increasing primitive functions of a.(T.) and 
_ 7 T' t 

o.(T.)T. respectively, as already defined in section 4.2. 



Eq (7.65) has also exactly the same implications as (7.5). 
However, in our present case , we do not know in advance that all 
T. throughout are different, as was assumed before. 



From (7.65) we easily find that p .-p . for sources i and j 

' z ■ j 



implies and is implied by T.=T., i e equal final temperatures. 



^ J 



and that p .>p . implies and is implied by Comparing sourc 



of different price, and therefore of different temperature, we 
can write: 



.-t? .T 



3 ^ ‘ ^ ^ - J 



'7’ - 'T> 



> 0 , for all Zjj for whzak r +p . 



(7.69] 



rp rp 



0 . = 



rp ^rp (v--p-) ^ 0^ for* all ijJ for which v , 
• z j ~ Z - 3 



(7.70) 



which are the same as ( 7 . 9 ) - ( 7 . 10 ) . Therefore, if at least two 
prices are different we must have: 



^,0. > 0 



{ 1 . 11 ] 



making ( 7 . 66 ) - ( 7 . 67 ) into equalities. We assume this is the casi' 
in the following. ' 



Inserting the solution T.=a/(°>-p.) into (7 . 66) - (7 . 67) , v/e obtaii 



the two equations: 



.V 



N 



I U 

. „ z Q-O 
z=0 - 'i 



■) = 



L U.(T.)~ W 

'J 

:=o ' " 



(7.72) 
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y 

i-0 



i=0 



,j -h 3 



n 

u 



V 



'J, 






\ 

J 



( 7 



J 



from which the two unknowns gj i may be solved, if the functions 
U and 5^ meet certain requirements. Differentiating the left-ha.na 
members of (7.72) and (7.73) with respect to 3 and to v/e 
obtain the Jacobian: 

i'l I'l c .a . _ . 

J = I I JLJL rrs-u.; = 

i=o j=o ^~P.j ^ 

, iV // o .a . (v .-V . 

= - - Z Z 2 ^ (V.74) 

“ i=o r$-r .r rg-n 

■ .7 t 

Hence, in the case that at least tv/o prices differ, there will 
be a unique solution in 3 and a, if such a solution e.xists. 

In (7.58) the work output constraint is given. It is evident that 

W must at most be as high as the maximal v/ork cutout vl as 

max 

given by (4.20) in section 4.2, From that section v/e also know 
that there is a unique solution stating that all final tempera- 

Q 

tures must be equal to a function of initial temperatures 7^. 

and total entropy production 3 according to (4.19). Therefore, 

if we choose W=W in our present model, the solution to 

max 

(7 . 65) - (7 . 67) must coincide with the solution to (4.16) (apart 
from the fact that the multiplier a has different connotations in 
the tv/o models). Since rhe equations ( 7 . 66 ) - ( 7 . 67 ) exactly 
correspond to the middle condition in (4.16) and (4.20), the re- 
maining equations to compare must yield identical results. That 
all final temperatures are equal implies by (7.65) that all 
prices p^. must be equal. If this would be the case, then by 
( 7 . 57 ) - ( 7 . 53 ) v/e find that J-pV (where p is the m.utual price) 
which is entirely independent of any choice, and economically 
meaningsless , at least if there is some source of free energy 
at an environmental temperature. 

When we increase the requirement level ’3, the range within v/hich 
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the different prices may vary v/ill successively be narrowed d - 
to a single value. This result appears to be counter-intuitiv 
Treating the right-hand members of (7.72) and (7.73) as 
constants, we may study how a depends on 8 according to these 
two equations. By the mean value theorem we find the solution 

- 7 0''- 

a - u’ r E V . rr rg-r; - (7.75) 



and: 



a 



S ' ( z 

i=0 






(7.76) 



where p and p are mean prices (bounded) depending in general c 

8: 



'Ain p p, £jp £ Aa:s p. (7.77) 

• • '1' 

- 7 - 7 

and where if * and S ~ are the inverse functions of 
N N 

U(x) = Z U.(x) and S(x) = Z S^.(x) and A abbreviations f: 

i=0 " ^ 

the coefficients preceding ( S~p ) ^ . 



A straight-forward differentiation of ( 7 . 75 ) - (7 . 77 ) gives us ti 
following derivatives: 

y 

( R-p ) Z a .( 3-p . ) ^ 

— 'I — 0 f ^ n o \ 

— -A,— ^ (z.78) 

z c,. r 6-p . ; " 

i=0 " ^ 



N 

re-p; z o.(q-v.) 
da _ - i=0 ^ ^ 

da 2 N 



(7.79) 



_ p 

where the c, are evaluated at T . = afS-r-J For large values 
8 the two functions will approach linear functions having the 

coefficients A^jA , whereas when 3 approaches Max p. from abo' 

a ^ 

a will tend towards zero and behave as aTS-r^j and 

C8 
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2 jJd-p’') respectively, v/here r* is the maximum orice 
t'-i ' 

and the corresponding heat canacitv of that source. 

Therefore the former function will behave as j r/^.s ~ ' B-p * ■ and 

‘J * 

the latter as const values of 3 close above r*, 
n 

where o= Z o . . Hence the latter function is greater than the 
i=0 ^ 

former for values of 3 sufficiently close co r* and a sufficient 
condition for intersection is therefore: 

N . .V 

S~^ ( Z 3 .(T^.)+3) < U~^ ( Z u’.(T^.)-ll) (7.80) 

V=0 

Since o ^ and 7 ^ are monotonically increasing functions, this is 
precisely the condition that .V does not exceed l-J in (4.20), 
as is seen from (4.19) and (4.20). 

Our conclusion is therefore that if U is chosen belov/ the maxi- 
mum work output, there v/ill exist a_ unique solurion to our 
problem, i e a unique solution in 3 and a, although the time 
path of the temperatures are irrelevant. 

A complete treatment of tracing the effects of changes in given 
conditions in changes in the derived results would be very 
extensive. We shall therefore limit our treatment to a few basic 
results. The given conditions in this model are described by the 
following variables: prices p., minimum work extraction W, 
minimal entropy production 3, initial temperatures T , and also 
heat capacity functions The derived results are described 

by the minimum cost C, the final temperatures TP and the multi- 
pliers 6 and a. 

By differentiating the optimality conditions with respect to all 
variables, we obtain the following equation describing how total 
cost is affected by from changes in parameters by 5 d . 5S 
and 6T^: ' 

t 
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z &D . (u . (T .) - u . (r*) ) + 

i=o ' ^ 



N 

+ S6V + a.(SS+ L a .(T^.) T*~‘)aT^. 

i=0 ^ - 



Hence we obtain the following results: 



(7.81) 



1£ 

3,V 



s 



3C 

— r - a 
35 



'XC' f) 0- I -7 

4 ^ — = ac.(T.)(T. ^-T*. -) 
tO 



(7.82) 

(7.83) 

(7.84) 



- 5 . rr^J - 5 . (T*) (7.85) 

- 

/N 

Therefore, costs will rise if V or 5 are raised and will also 

Q 

rise if an initial temperature 5^ b'elow the corresponding 
perature 5t is raised, or if the price of a source with an 
initial temperature above its final temperature is raised, etc 



By performing a total differentiation of the optimization con- 
ditions and collecting dependent differentials in the left-hanc 
member and independent differentials (of parameters) in the j 
right-hand member, the resulting relationships may be containec 
in the matrix-vector equation: 
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/* ^ 
C (J 


1 ^ 


1 r 


0 ... 0 2 ^ 


1 U r 

1 -'1 






1 1 

j 


1 ^ 
1 




■> f -* 








0 ^ ... 0 c, ^ 




ST, 




t" ' - - 2 

♦ • • • 




1 




• XT ^ y 




• 


a i 


0 0 — c — ( 

0 ^ 17 /T7 1 

^ ,V 
.7 


1 




1 

a 


a ^ a , ... a .j 0 0 




5 s/a 


i 








i 


-1 ... Ji 0 0 

.77 m • • • rp ^ ^ 




- 6 a/a 




;o 1 -N j 


V ■ 





‘ ov 
0 “ o 









.y 






o. ( Z (2 ^. ( TZ ) S 7 — 6 W / 
i = 0 ' 



:i o,(tZ) , 
o. ( Z — 5 y "! + 5 5 /' 



i^O TZ 

V 



J 



(7.86) 

All Cy for which the arguments hav been omitted are evaluated 
at the final temperatures T. = oif&-v.J ", all asterisks having 

X' 'V ^ 

been emitted. Let us use the short-hand notation 1’ for the 
symmetric bordered Hessian m>atrix in the left-hand member. 

On multiplying both members by the row vector 

('67’^, 62’^;, . . . , 6?,^, 6 6/S, - 5a/a j and using the relations: 



i'l ‘V 0 0" 

Z a. ST. = Z a.(T.)ST. - SW 

• _/i - ■ 2 ' . n ^ ■ 2 ' - 

^=0 



n .81) 



No. N a. (TZ) 

Z ST . = Z — - ST^. + Si 

i=0 'h ^ i=0 T^. 



(7.88) 



we obtain: 



Z ST .= a ^ Z o.Sv.ST. - ^( Z c.(T.)ST.-SW) + 

x=0 T . v=0 



® ' i~=0 



, // c.(T.) 

6a , _ V ^ 

( I T 

“ i=0 T^. 



ST^.+SS) 

V 



(7.89) 
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which is greater than zero, if at least one final temperature;! 
affected by changes in given parameters. From this relation w< 
therefore obtain som general results such as the following. Ai 
individual change in ^.-1 by SV will necessarily give rise to a 
change in 6 by 5 6 in the same direction, as will an individual 
55>(? vield a &a>0 . Hence: 



^ ^ 

3 17 

9a 



> 0 



(7.90) 



(7.91) 



95 



Similarly v/e find: 



9r . 



(7.92) 



i e that the optimal final temperature of one source will 
increase with an increase in its price (or a lower negative 
price) of that source. On combining (7 . 90) - (7 . 91) with 
(7.82)-(7.83) v/e also find: 



9,V 



, 2 . 

3 C 

95 



> 0 



(7.93) 



(7.94: 



which means that total costs v/ill be convex (progressively in- 
creasing) in work output as v/ell as in entropy production. 

I 

Also in this m.odel B may be interpreted as the (marginal) valu(' 

of work since it shows the increase in minimal cost from a ; 

! 

marginal increase in work output as explained by (7.90) . If | 
some source were to have an infinite final temperature 
we would also find p^. = B for that source from (7.65). 
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If the heat capacity of one of the sources (for convenience 
source 0) tends towards inf inity , u by a similar reasoning 

^ j 

as in section 4.2 we find that T ^=T ^ , i e that no temperature 
change occurs for this source. Therefore: 

a ^ T^^-Pq) = (7.95) 



This provides a relationship between final temperatures and 
the multiplier 3. A lim.it value treatm.ent of {1 .12) - [1 .12) 
yields : 



0 

Z (U.(T.) 
. , ^ ^ 
z = l 



= W + S 



^ S>-v . 



(s . . ( 

0 z z z 



0 



(B-pJ 
3-r . 






(7.96) 



which determines s implicitly. The left-hand member then 

describes that portion of the exergy potential that is consumed 

' O'- ’ 

for extracting ll and loosing T in producing the entropy S. 
Futher explicitness in these results does not appear to be 

found if constant heat capacities v;ere to be assumed. 



It must be pointed out that the model treated above rests on the 
assumption of aonszant prices, which are shown to be related to 
the corresponding fzr.aZ temperatures. In our previous model of 
section 7.2 treating infinite sources (v;ith constant tempera- 
tures) it v/as shov/n that temperatures and prices had to be rela- 
ted in such a way as to make all temperature-discounted prices 
equal. In our present model temperatures must of course vary 
during the process of extraction. Intuitively, this v;ould suggest 
that prices should vary with temperatures during the process of 
extraction in order to obtain an economically meaningful model, 
not only be related to the final temperatures. We shall refrain 
from such an analysis until section 7.6 v;here the present model 
will be generalized to treating a system of ideal gas sources 
characterized by temperatures as well as volumes (or pressures) . 
There it will be shown that prices indeed need to be related to 
the current temperatures during the process of extraction in 
order for the model to yield economically meaningful resulrs. 
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, 5 ^odei of energy extr a c tio n from primary oroduct ion 

fransforined bv non-li n ear production functions . 

The model to be treated in this section will be different in 
nature as compared with those of our previous sections. Below we 

shall be dealing with flows of three x_nas, ^ 

energv. As input flows we have primari, proaiicticn factors whic 
might or might not be energy-related. Examples of such resources 
nav be fuels, manpower, capital equipment etc. These ate trans- 
formed by means of non-linear production functions into rrtm-ry 
energy /lows, such as burning fuels in order to provide heat, 
primary energy flows in their turn, are transformed into 
aceunc'ary energy flous , which are Interpreted as flows of energy 
in useful forms for industrial or domestic purposes. This 
transformation is described by linear relationships describing 
the thermodynamic transformation opportunities available. 

Examples of the latter kind of process are heat/ turbine power anc 
heat/turbine power/electricity transformations, etc. 



- A. ^ < 



The primary production factors in volumes 
process k are purchased at a given set of positive prices 



for 



C? and transformed into primary energy flows 

, - 2 -> ’ ' ’ ^ 



r'?’"'.’/. These are then transformed into secondary energy 

[''' . which are sold at the given constant positiv 

nows = - oharacterited by 

prices p - 7 

some non-linear production function : 



y _ 0.(X,^ 









(7.97) 



and it is assumed that there is only one process available to 
el:ct each kind of primary energy. The total factor vol^e of 
kind i is denoted r.. The amount of primary energy or kind 1, 
lev, m.av be transformed into secondary energy of any kind t. 

:.:z. ..... .. 
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is characterized by a second order efficiency given the 

maximum amount of remaining exergy compared with the exergy 
consumed : 



'’kl ~ 



( 1-T*T . ) 

L- < L 

f ^ 'V * 'V \ 

1 t, J 



k I 



(7.98) 



where .=l for a reversible process and where is the single 
given constant environment temperature. This model does therefore 
not obey the symmetry principle. 



The transformations taking place from primary to secondary energy 
are therefore linear, when all C 7 -, are constant. It has been 
.mentioned that the secondary processes transform energy of kind k 
into energy of kind I (having temperatures and T- respecti- 
vely) . If there is no other kind of energy output we would have 
to have T, >T ^ according to the second law: 







^kl 



(7.99) 



Hence the entropy production rate S, . would be given by the two 
temperatures and the level of output 2 ^^. The second-order 
efficiency would then be: 






K i 

- 7 

^kl -'k ^ 



T(I,-T*) 

i 

rp f ^ ) 

- r - k ^ ^ 



(7.100) 



which shows that the second-order efficiency in 
be determined by the two temperatures together 
ment temperature and therefore cannot be chosen 
the transformation under consideration. Also we 
T'*<T. , T-, or . T, . 



such a case would 
•with the environ- 
independently for 
must require 



We shall therefore allov/ the secondary processes to interact 
with the environment such as is shown in figure 7.3. 
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kl 



Process 

(k, 1) 




Figure 7.3. Flows associated with secondary process transf orrnj jq 



Allowing for an environmental interaction (heat losses, heat I 
pumping energy from environment, etc) we may choose 5 ^^ indeper' 
dently of the temperatures involved. The relationship between 
entropy production S, , and efficiency will then read: 

K. u u 



The entropy production rate will still be proport ional "to the 
input level y, , and also to the output level Si. 7 . 



In the following all temperatures and all efficiencies will be 
given. Hence, as soon as one flow in figure 7.3 is knovm, so 
are also the other two flows as well as the entropy production 
rate . 

The problem we are to study is to choose optimal values of all 
^ • 1 .J y T.J y t 7 i ^ - 7 2 nd z - j such that the profits: 

N K 



energy of kind k into energy of kind I 
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V 



L 

1 = 1 




(7.102) 



are maximized subject to the constraints: 






M 

I 

k = l 
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(7.103) 



■; O, 
< 



{7.104; 




;/ 



1=1 



^kl ~ -k 



f 1 - ^ < f (■] - P*'T' -^ 1 ., 

^ I ^ ^kl - ^ko * ^-kl 



(7 . 105) 

(7.106) 



M 

“ ^k7 ~ ^ 1 

k = I ^ 



(7.107) 



where we have used inequalities in (7.104) and (7.106), which 
will be shov/n to be equalities at the optimum. Figure 7.4 
illustrates the overall system treated. 
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Figure 7.4. Overview of model treated 



In order to form a Lagrangean, we eliminate the variables r 
y, and z^, using (7.103), (7.105), (7.107) and introduce non- 

fC 

negative multipliers a, and g, , for each of the inequalities in 
(7,104) and (7.106) respectively: 



II M 

L = Z V . Z 



K M 

,j = l ^ k = l 



M N 

+ Z a, ( O, - Z y h 
k = l 1 = 1 



li II 



^ z 



- 7 



- 7 






(7.108) 
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Writing for short O., - 

CK 

ditions will be the following: 



— , the necessary Kuhn-Tucker con- 



■1^ — = -c . + a, O < 0 

ar,.., - rc jk - 



d 



- 7 






kl 



-^k 






_3 

°‘^ki 



f- = ^ 



31 



N 



- O, - Z y, . > 0 

da, < 7_, <ly — 

< i-- 1 



ai 



33- 



kl 






'kl 



_ 7 

I ' ' 






y-KV^kl^^^k^^kl - 



> 0 



(7 . 109) 

(7.110) 

(7.111) 

(7.112) 

(7.113) 

(7.114) 



where equalities hold in (7 . 109) - (7 . 113) for positive values c 
the variables concerned and where strict inequalities therefor 
imply zero-valued corresponding variables in (7.114). 

Let us assume for simplicity the usual production function cor; 
ditions that all marginal productivities are non-negative and 
that the functions are concave: 



O > 0 



d^O, < 0 



(7.115) 

(7.116) 



where the latter inequality holds for any non-zero displacemen: 
in the argument of . We also assume the possibility of in- 
activity O, (0)=0. 

Combining (7 . 109} - (7 . Ill) , we obtain the fundamental inequality 






-i ^ hi 1 






< U A. C K. .< b A. 



(7.117) 
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which holds for all combinations of index values r , ^ . The left- 

hand member is seen to be the temperature-discounted price of 

enerav of temoerature T- , which, as before, we v;rite shorter as 
" * u 

?7 • 

If primary process k is running, then for any (of which 

there is at least one) we have from (7.117): 



- a, - :-Iin 'i 
<5 . , K 

.7 K 



(7.113) 



i O . , 



If several factors are used in running process <, their values of 

u./O., will all be equal and minimal. For some 1 there will be a 
7 7 X 

secondary energy output z, -,>0 if process k is running, which 
implies : 



?7 = 6 . 



(7.119) 



5,7 (1-T*':,r ) 



k^kl' 



Hence if energy of kind I is produced; 



a . 



V - Min Min — 

' m t <X> . 5 7 (1-T*T - ) 



(7.120) 



in, ‘ ml 



m 



This means that for each process m under consideration, we choose 
only factors i giving a lov/est ratio i e a highest 

marginal output per amount paid, this lov/est ratio being the 
marginal cost of energy from, process m. This marginal cost is 
the.n discounted with respect to the temperature of the output of 

_ -T -T 

process m, by multiplying by the factor ' and also 

adjusted for the efficiency 5^7 in transforming from kind m to 
kind 2. Only such processes m can be chosen for which the lowest 
efficiency adjusted tempera ture-discounted marginal cost reaches 
down to the temperature-discounted output price. 

If factor 7 is used at all, i e x .>0 , then for some value of 2 

7 

and some value of k v/e must have: 
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( 7 . 121 ) 



, (1-T-*T, ' ;o,_. - C . 

U fj fj 



which by (7.117) implies 



e. - Max 'lax p ? (1-T*T *;o . 

J m n ^ ^ 



(7.122) 



This shows that the highest revenues from employing factor ,j vig 

be obtained by evaluating the marginal revenue products 

p i (1-T*T ^ )0 . for different primary and secondarv processes 
mn m mj ^ ^ - - )V 

and choosing a combination giving a greatest value. Once agair^ 
the temperature-discounted prices are shown to play an importa: 
role . 

In the special case of only having access to reversible secondrj 
processes we would have all 5^ ^-7 and therefore no entropy prc 
duction, which simplifies (7.117) slightly. In such a case the; 
right-hand member of (7.120) will be independent of I, which h |3 
the important consequence that all J:-emp&ratuve-discounted outp^i 
prices must be equal if the corresponding kind of energy is to'n 
produced , or in other v;ords, only energy having the lowest | 
temperature-discounted price can be delivered at the optimum. ^ 
As a slight variation of the model treated, let us assume thatj 
all pri.mary processes are linear and that the supplies of pri-' 
mary factors are limited. For each output unit of process k we* 
need factors in the fixed volumes h ^ ,h , and the to-' 
tal need of factors when running the primary processes with 
output levels will then be: 



M 

Z 

k=l 



11 

Z 

1 = 1 



n y 
jk^ gk 



X . 

J 



where 



“'j 



is the given supply of factor . 



(7.123) 



The production function constraint is different compared with 
the previous version of the model. Introducing the multiplier • 
for each of the constraints in (7.123), the Lagrangean functio 
will be: 
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+ 



+ 





7 



+ E E 
k = l 1 = 




(7.124; 



This model is thus entirely linear and from the Kuhn-Tucker 
conditions the following fundamental inequality is given: 



Similar to our previous findings we obtain that for secondary 
energy I to be produced, its temperature-discounted price obeys: 



When all secondary processes are reversible, the right-hand 
member is independent of I requiring that only energy v/ith 
highest tem.perature-discounted price be produced in the process 
having lowest temperature-discounted marginal cost (adjusted for 



In this section we shall sketch a model based on the system treated 
in chapter 5. The results below are preliminary and the inclusion 
of this section has the purpose of pointing out some theoretical 
difficulties that arise v/hen the sources from which exergy is to 
be extracted are characterized by 3t least two properties, in 
this case tem.perature and volume (ot pressure) . 



A 




(7.125) 




(7.126) 




7.6. Economic model of energy extraction from a system of 
ideal cases 
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The approach in this section will be made along the same line 3 
in section 7.4, where a thermal system was treated. There we 
attached a constant price v. to the heat taken from or deliver: 
to the fth source having temperature T^.. It was then shown the 
these prices had to be related to their corresponding final 
temperatures in order for a cost minimum to exist, assuming a 
given minimal output of work to be extracted. It was also shov. 
that when the work output requirement was increased up to its 
maximal possible level the range of possible prices narrowed cc 
to a single value applicable to all sources, a consequence in 
conflict with the possibility of a free environment. 

Due to difficulties to be pointed out, initially we shall confie 
ourselves to an extremely specialized case of the system giver.'.n 
chapters, assuming constant prices. Adopting such simplifica- 
tions, it is hoped that the structure of the problem will be rr:e 
as clear as possible, enabling us to obtain certain explicit 
relationships, that however are of extremely limited generalit. 

In this initial model we assume constant given prices. _ It is tp 
shown that the total costs incurred during the extraction procjs 
must depend on the path between the state departed from to the 
final state in such a way that a closed loop path can be chose 
giving rise to a finite cost increase or decrease depending on 

the direction of the loop followed. This indicates that prices 
have to be related to current temperatures and volumes and not 

held constant, and the section will conclude with an approach 
following such a line. 

Let us at first consider the following simplified system of tw 
ideal gas sources, each characterized by its temperature 
and by its volume , the sum of volumes being a constant un: 

volume 7=1 . Assume also that the heat capacities at constant 
volume are unit-valued c^=c^=l and that each source contains 
exactly one mole, n , -n . Also we let the universal gas consta: 
R assume the numerical value of unity, which only means thar 
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the temperature scale applied has undergone a proocrtional 
transformation (cf table 2.1). 



Under these assumptions, the problem stated in chapter 5 was to 
maximize : 
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(T ,+T .)d- 
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1 



.0 

2 



subject to the entropy and volume constraints: 



T T I' 7 

- O ’7 

— * ^ . / » / > s 

'I 2 1 2 



• -V -Y = Q 
-12 ^ 



(7.123) 
(7 . 129) 



The solution as regards final temperatures and volumes are then 
given by: 



-- ^2 -■ 



Vi=V^=l/2 



(7.130) 

(7.131) 



The maximal work outout is: 






taw 



- 2 ® / 1 2 1 2 



(7.132) 



and the exergy potential: 



p - r .0 ^0 _ 



J f ^ 



^ 



(7 . 133) 



It is also clear that if v/e would have had to keep the volumes 
constant, the maximal work outout would have been r,+T;l-2s‘^ / rlr(, 

0 o' ! l '' J ^ ^ ^ ^ 

and the exergy potential T^+T^-2jT,T^ , which both have lower 

values than those of ( 7 . 132 ) - ( 7 . 133 ) , if the initial volumes 
differ from 1/2. 
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We nov/ state the follov/ing economic problem. Heat from (to) 1 
source i has to be purchased (sold) at a constant price p (p6 , 

Z' ■ I 

heat unit) and a volume displacement of source -i (used e g for | 
moving a piston) purchased (sold) at a constant price (pe^ * 
volume unit) . The amount of work to be extracted has to reach 
given minimal level W. This extraction is to take place at lovst, 
cost, subject to the entropy and volume constraints. We are 
therefore to minimize the total costs: 







(T +T 
' I 1 





v> 

J 



V ^dt 



+ r 








) dt 



-h 



I 

(7.134) 



subject to the three constraints: 




oo 



0 



(T^+T^)dt 



W > 0 



(7.135) 

(-7.136) 



7-7 -V 
* 1 2 



0 



(7.137) 



Of these constraints the first and third have to be satisfied 
throughout the process, whereas the second is a final value 
constraint . 



The approach used previously for finding conditions for an 
optimal path is to form the Hamiltonian of the problem and deril 
the associated Eulerian conditions: 



» -- -rj * 









(7.138) 
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(7.139; 



(7.140) 

(7.141) 

(7.142) 



where we have chosen H so as to maximize -C , and where a^, 3, y 
are Lagrangean multipliers. 



Combining (7.137) with (7 . 139) - (7 . 140) we obtain; 

F, 7., 



y - ^ y 

?7 



^ 2^2 



(7.143: 



^2 



V V ( — 'T 

' ' • 19 1 ~ 9 

V - - 7 = a — — ^ ^ 
1 2 r„7. + r,7 



(7 . 144) 



-2 1 



1 2 



Since -V has to increase up to V, we must have dW>J for som.e 
portion of the path the process takes. This requires y to be 
identically zero along this portion of the path and therefor 
and so a. = V^=V^-0, Hence the volumes m.ay not be adjusted v/hen 
extracting work. 



Also, from ( 7 . 141 ) - ( 7 . 14 2 ) v;e obtain: 




T 



2 




(7.145) 



(7 . 146) 



when di = 0 , which means that both temperatures have to move in 
sam.e direction. Since S>9 in (7.135), dW>C requires at least 



the 

one 
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T .>0 , which by (7 , 145) - (7 . 146)’ requires both in contradic 
tion with (7.135). Hence there is no path satisfying the Euler 
conditions that yields dW>0 . 



The very fact that the volumes should not be changed indicate 
contradiction since we know proviously that if W is given a 
sufficiently high value, this level cannot be reached except w=r 
temperatures as well as volumes are adjusted. 

When comparing the Euler conditions of this section (7.139)- 

(7.140) with those of the case treated in section 7.4 where 
sources were characterized by temperatures alone (7.62) we fin, 

i 

the conditions regarding temperature adjustments to coincide w;;r 

• • I 

V^=V^=0. However, the presence of the possibility to adjust 
volumes in our present case gives us the second set of conditius 

( 7 . 141) - ( 7 . 14 2) causing the lack of optimal trajectory. i 



Let us now take a geometrical look upon our problem. It is cler 
that our objective function C in (7.134) contains integrals ovi': 
exact differentials except for two terms that we write: 



CO 




0 



V V 

(v T — — + D T — ~)d' 
7 ^ '2 2 '^2 



(7.147) 



Hence, apart from the final state reached, the path leading to 
this state will only affect C from the terms in C' . Let us 
introduce the abbreviation: 



0 yO .^0 S 
12 12 



(7.148) 



When the entropy constraint (7.135) is active, points in 
)-space lie on the hyperbola: 



1 J, 

2 2 



Ae 

771^ 



( 7 . 149 ) 



where we have eliminated by using (7.137). Different values 
of the volume will define different hyperbolas, the lowest 
curve being obtained v/hen V^C-V^J takes on its maximum 1/4 foi 
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V .=1/2. When 3 increases the curve moves outv/ards and v/hen . , is 

1 

made closer to 1/2 the curve moves closer to the 3., axes 
(inv/ards) . 



Constant values of total work oucpuc correspond to straight lines 
at t^/4 angles with the axes: 




o o n 3 t 



(1 . 150) 



a higher value of W corresponding to a lov/er line, the lowest 
possible one given by (7.132): 

Tj+T^ = 4e^A (7.151) 

In figure 7.5 is shov;n the state space of the process under con- 

0 1 

sideration. The process starts out from the point (T ,T' ' at 
which the work line W=0 indicated by A intersects the initial 
hyberbola. The aim is to reach a permissible point on the line 
iV-.V indicated by S. The hyperbola C corresponds to a value of 
V^=l/2 and final entropy S. The process must therefore end up 
somewhere on the segment of B inbetween its two intersections 
with C. 



A trajectory for which the entropy constraint is ineffective can 
never give a minimum to C' in (7.147) since such a trajectory 
can always be improved by choosing a higher T , if 7^ >7 etc. 

Let us therefore study trajectories that satisfy the entropy 
constraint exactly. Let us also confine ourselves to the rever- 
sible case that dS=0 throughout. In such a case the hyperbola ~ 
in figure 7.5 would lie above the hyperbola C, and the possible 
change from D to C v/ould correspond to an adjustment in 7. 

(and 7^ - alone. 
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Initial state 




Figure 7.5. State space of two-source process 
Differentiating (7.149) gives us: 



r>T 

rp rp 

dV = ^ 

1 OT i 

r 2 r I 4 



(7.152) 



V ^ ^1^2 

and since dV^=-d7^, the line integral of (7.147) may be writte' 



dT dT, 
X( 



(7.153) 



where : 



n T -n 

^ 1 'll -2^2 

- I ~ V, ■ Pi--’ - Po- 



2* 2 



(7.154) 
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' r 2 



This integral may be evaluated along a closed loop beginning ai 
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ending in the initial scate and passing the final state. Using 
Green's theorem v/e obtain: 



C ' - 






7 X 






T. 



az 
^ * 



■) dT . 



(7.155) 



where the surface integration takes place over the area defined 
by the loop and where C and are integrals along the two 

paths connecting the initial and final states. 



Evaluting the integrand in (7.155) and assuming p.-,>0 gives us: 




(7.156) 



Hence/ for a positively oriented loop the integral in (7.155) mus 
be negative, and more negative the larger the area that is defi- 
ned by the loop, v/hereas if p ^<0 the integral would be positive. 

CJ 

If the direction of the path followed is reversed the sign 
obtained v;ould be the opposite. This means that if a closed loop 
is followed a number of cycles, the line integral can be made 
arbitrarily positive or negative. 



This result has been obtained in a very special case, but it 
appears quite clear that a perfectly similar result v;ould be 
obtained in any more general case. 

As we have pointed out above, the results obtained indicate that 
prices have to depend on current values of the properties, if 

economically meaningful results are to be derived. Let us there- 
fore take an approach that is shown to make the path of integ- 
ration from initial to final state immaterial. 



Consider a system of (N+1) sources of ideal gases as given in 
chapter 5. Each source is characterized by its temperature and 
volume (or pressure) The heat capacities at 

constant volume are functions of temperature alone 

a ^(T .) ^(T . ,a „(T . The number of moles of each source are 

U U 11 if 
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given constants n 



Work may be extracted, either by 



heat engines, or by piston-cylinder devices, or both. 



From our foregoing results we have found that the differential 
costs should be an exact differential in order for the path 
of integration to be immaterial in our optimization. Let us 
therefore assume that the price of heat is a function of the 
aurrent temperature of the heat source: 



V . = p .(T .) , 



i = 



(7.157) 



and that the price of a volume displacement purchased is a 

function of volume V. and temperature T.% 

^ ^ ^ 



= V .{T . ,V , i = 0,1,2, 



.,N 



(7.158) 



Our problem is to minimize total costs: 



N 

C = - Z 
i = 0 



(v .(T .) (o .(T .)T . +Rn.T.V~rV.) 

^ 'I 'I % V 'I % % % V 



- T.{T.,V,)Y)di 

% t V X 



subject to the entropy constraint: 

iV • * _7 i 

{ Z (c.(T.)T. t/ + Rn .V .V . ) - S)dt > 0 

X V X X XXX — 

x=0 



to the work outout constraint; 



*y °° • 

- Z ( c .(T .)T . - W > 0 
x=Q ^ ^ ^ 

and to the volume constraint: 



(7.159) 



(7.160) 



(7.161) 



d 

V - Z V. = 0 (7.162) 

x=0 ^ 



where S is the given rate of entropy production and .V the giver 
amount of work to be extracted. 
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In order for the cost differential to be exact, v/e need to 
have (of (2.3)): 



3 



^ 77 - .a .)a .(T .) ) 
31 /. ^ 'u V V ^ 






or, since the left-hand member is zero: 



If: -- ° 



(7. 164) 



This partial differential equation has the solution: 



p.rr.JT. - V .{T . ,V .) (Rn .) ^V. = f.(V.) 

^ ^ ^ ^ ^ t 1 “ 1 V 



(7.165) 



where j. is an arbitrary function of 7. alone. This relationship 

^ ”Z^ 

we require to hold throughout the process. 

The Hamiltonian of the problem, to maximize -C may be written: 



:V 

I 

i=0 



H = Z V .(T .) (a .T . -r Rn .T .V /v .) - r .(T .,V .)V . + 
■ -■ V z z z z z z z z z z z 



+ (x(a.T.-T. + Rn.V~.^V. - S(R+1) - Qa .T . ^ yV . (7.166) 

where a and B are non-negative multipliers and y a multiplier, 
the sign of which as yet is undetermined. The Eulerian conditions 
now become: 



- fr ^ - '7. i=o,2. 

^^z 3T. ^ 

z 






(7.167) 



dff d dH _ * ..-I . --n 1 

^ 0 / * 
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where (7.163) has been used. 



During the process of extraction we must have dW>0 giving 3-7 and 
therefore 3^7. Since c„.,R,n.^Q, we therefore conclude that duri.ng 
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the process we have: 



a. = i = y = 0 



(7.169) 



Therefore the multipliers may be brought outside of the integrh 
when forming the Lagrangean: 



‘ ( * -i • 

I ' / m 1 / _ m . m T 7 rr 



L = Z I {V .(T .) (c .T . + Rn.T.V. V.) - r . ( T . , V . ) V . ) dt + 

'L~“ U ^ 
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( Z (o.T~Jt. + Rn.vZ^V ) - S)dt - 

. n ^ t ^ V -L V 
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Z C .T .dt + \^) + y{Y - z 7 

^ i=0 ^ 



(7.170) 



in which all differentials are exact. Therefore the necessary 
Kuhn-Tucker conditions for the final state become: 



= (Pi(T^) * =.r7 - })c. -- « 



H- = - Y = sa.- - Y 
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N 

^ = z (G .(T .)-G .(T^.) + Rn .logV .V^.) 

da . „ z z z z z ^ z z 



- r .(T .,V .) 
z z z 



- S > 0 



z=0 



^ = Z (V .(T'^.)-V .(T .) ) - W > 
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'=0 



i> u 



;V 



1^ = V - Z V. = 0 

z=0 ^ 

a, i > 0 



(7.171) 

0 (7.172) 

(7.173) 

(7.174) 

(7.175) 

(7.176) 



where (7.165) and the universal gas law has been used in (7.17 
where a. is pressure, and where a>0 or ^>0 yield equalities in 
(7.173) and (7.174) respectively. The functions (/^ and G^ as 
before, are primitive functions of o. and a .T respectively. 

V u I 
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From (7.171) we find the usual result: 

p.(T^) -- 3,': - f (7.177, 

Hence, if T . -* <» we may interpret 3 as the price of work p and 
ag an environment temperature f*: 

p .('rj ^ v(l - T*T~r ) (7.178) 

which means that all temperature-discounted prices should be 
equal. Also we obtaing from (7.172) the dependence: 

(7.179) 

which shows that yp ~ can be interpreted as an "environmental 
pressure" a*: 

r.(a.)=p(a.-a^} (7.180) 

-1 

In an analogous way we therefore call r.(a.-a*J ^ the<,pp 2 ssurs- 
disaounzad price. Eq (7.180) thus requires that all pressure- 
discounted prices are equal when trading volume displacements 
(such as compressed air in tubes) . 

Following the usual procedure of assuming differential adjust- 
ments of the given parameters we find the anticipated results: 
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(7.181) 

(7.182) 



C - p.V + pT*S 



(7.133) 



i e that the total costs are made up of the work obtained // and 
the lost work T*S priced at the exergy price p. The implications 
of further adjustments of different parameters such as initial 
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temperatures or initial volumes are straight forward to derive, 
but are emitted here. 



We now introduce an asymmetry by letting source Q become an 

0 

infinite environment with temperature and a finite pressure 
by having n . From (7.175) we obtain: 



N 



no(v -v'l) = Z n_.(v.-vl) 

— 1 



(7.184) 



where the denote specific volumes. Also we have; 






(7.185) 



where c is a constant for values of close to and simila; 

0 0 



U„(T^„) - U„(T„) « an„(Ti-?„) 



0 0 ' 



0 0 ' 



'0 0 ^ O' 



(7,186) 



Inserting these e.xpressions into ( 7 , 173 ) - ( 7 , 175 ) and taking tb 



limit we thus obtain: 



0 



N 



W = 



Z (U .(T°)~ U.(T .) +T^.(G.(T^.) 

. ^ t ^ Z u 0 V z. 
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- Rn.dogv./v. + - *0- 
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0 



For an 



infinite environment, differentials of volumes dV - and 



heat n of temperature would be free entities. This gives 






(7.188) 



and ; 



T . 

n . = vR( — 

^ “ V • 
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- V (a ,-a^) 
1 . 0 



(7.189) 
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from (7.178) and (7.180) v/here T-* has been forced to take on 

the value and a* to take on the value i e the 

U U U J 

pressure of the ambient. 



In this section we have nov/here assumed the existence of an 
environment v/ith constant i.ntensive properties until from 
(7.188) and onwards. Also we have nov/here presumed the use of 
the exergy concept. The results derived have been based on the 
second law directly. However, looking back at (7.173) and (7.180) 
v/e easily see that a small amount, of heat 6$^ purchased from 
source i would cost: 



V 



- p(l-T*T .hoQ . - pc. 



(7.190) 



and that a volume displacement 6 7A similarly v/ould cost: 



6C'i = p (a . - a* ) 6V .= p6E" (7.191) 

'If "" 'V 'V 'If 

where and are the corresponding exergy differentials. 

Hence, once again we find that our results may be interpreted 
in terms of exergy directly. 

It is clear that the analysis in this section and in section 7.4 
could be strengthened and developed further, but this is lefr 
for future researc.h. 
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CHAPTER 8, ECONOMIC MODELS OF ENERGY UTILIZATION 



3.1 Introduction 



Although energy is indestructable and therefore cannot be con- 
sumed, it is indeed used for providing services to households, 
consumers and industries and thereby, from a second lav/ stand- 
point, it is degraded. Exergy, on the other hand, v/hich incorpo- 
rates quantity as v/ell as quality is indeed consumed in processes 
during v/hich energy uses up its potential for carrying out useful 
tasks . 

In this chapter v/e present a few different models for energy uti- 
lization, or exergy consumption, describing eneray transformation 
processes as seen from the point of view of the user, interpreted 
as a household (consumer) . It will be shown that the temperature- 
discounted prices derived in section, 7.2 will continue to play 
an important role for determining the optim.al choice of energy 
utilization plan. 

Throughout this chapter we assume the existence of a given infi- 
nite environment having a given constant temperature T* . The 
m.odels introduced do therefore not obey the symmetry principle 
given in section 1.3. 

8.2 Economic model of direct energy deliveries 



As a first very simple m.odel, we consider a household requiring 
energy supplies for various purposes, such as for space heating, 

for cooling, or for electrical equipment- The vol'omes of services 
using energy that are dem.anded per time unit (or during some 
time interval), will be denoted by q . ^ q ^ ^ q L’e shall 

characterize energy by one quality only, viz te.mperature . 

The service represented by q„. requires energy amounting to 
z.(q.) having a temperature of at least I,,., v/hich is a 

given parameter for each i. The 2 .(a-) are assumed to be m.o- 



notonically increasing functions of q^. Also we assume z_^.(0J=C^ 
In this first model, the household does not have access to any 
energy transforming equipment apart from natural entropy produc 
tion, such as heating a space by means of a flame having tem.pe- 
rature high above room temperature etc. We shall therefore not 
take into consideration cases such as cooking at a higher temp( 
rature that can be carried out in a shorter period of time and 
providing a similar result as cooking at a lower temperature dvi 
a longer interval. 

The household is assumed to evaluate its consumption of servicgj 
according to a utility function u(q-,jq^^ ...j a having usuej 

first- and second-order properties (positive m.arginal utilities 
concave utility function) ; 



dq . 



> 0, 



i=l, 2, 
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( 8 . 1 ) 



-( 8 . 2 ) 



where the inequality in (8.2) is valid for any displacement 
( dq ^ j dq . . . . dq that is not identically zero-valued. 

Energy of temperature is purchased at a positive unit price 

of p(T^) which is assumed to be a monotonically increasing func 
tion of temperature, but constant with respect to purchased 
amount of energy. For purchasing energy the consumer is provi- 
ded with a given budget C. 

The problem to be treated is to choose values of all q^ that 
mia.ximize utility: 

u=u(q.^,q^, ... ,q (8.3) 
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subject to the constraints: 



iV 

C > Z V ( T . ) z . ( a . ) 
1 



( 8 . 






(8.5) 



We introduce the non-negative multiplier X for the budget re- 
quirem.ent and v^. for the fth temperature requirement, and form 
the Lagrangean: 



L = ii * \{C - Z p(T.)z.(q^.)} + Z v.(T. - T ^. ) 
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The necessary Kuhn-Tucker conditions will then be : 



II - 1^ - \p(T.) ±0, i = U2,...,N 



(8.7) 



bIl 



dt>(T.) 



dO . 



+ V - 0 j i- 1 j 2 , . . . , N 



( 8 . 8 ) 



Ik 

3 A 



C 



i 



p(T.)z.(q.) > 0 
z z z — 



(8.9) 





i=i, 2, . . 



( 8 . 10 ) 









( 8 . 11 ) 



where strict inequalities in (8. 7), (8. 9) or (8.10) imply 
zero-valued corresponding variables and where therefore posi- 
tive values of q^., \ or imply corresponding equalities in 

<✓ 

(8.7), (8.9) or (8.10) respectively. 



Since v ( T . ) , 




ill 



are positive. 



(8.7) requires X>.\, 
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and 



dp(T^) 

and this consequence combined v/ith — ^ — > 0 in (B.8) 

~ i 

implies for all i. Therefore (8.9) and (8.10) will 

be equalities and the temperatures chosen will be lowest 
possible, quite as expected. Since T .=T . , we replace the 
notation p(T^.) by the simpler notation p_. etc. The result \>0 
im.plies that the full budget is spent, which is quite natural 
considering >0 for all q.. 

The solution to our problem is therefore a solution to: 



Xp. 



dz . 



- 0 



" i dq • i 



C - Z p .z .(q .) = 0 
^=l 



( 8 . 12 ) 



that satisfies (8.7) . This is a system of iN+1) equations with 
the (N+1) unknowns qi, q^, 



Let us briefly take a look at effects of changes in given para: 

meter values. If we have - Xp . <0 for some -i in the l- 

3q . dq^. 

lution, a- and therefore v/ill be zero-valued. A small bara 
‘ 1' ^ 

meter change in C or p^. by 6C and 6p . will therefore have no 

'u 'L 

effect on a . . We can therefore consider the system: 






dU 
dq . 



AP 0 



r<7i > 0 } 



^ C - Z' (q -)=0 

• O’ L' 

V 



(3.13) 



which contains only positive variables a^.>0,lL' denoting the 

■ 'b 

summation over such index values. 



Taking the total differential of this system of equations and 
renumbering the variables p^.,q.,z^. etc from 1 to 'A for positive 
values of q. and using the variables instead of q., we may 

“b i’' 'b 

write : 
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'-^11 




• • • “-i < 

1 


n O T 


' ^ c o 


• • • 2 


J, 


d, ^ 


'^Ml 


^ M 2 


• • • 




^^2 


• • • 



in which Sv^. and 
oA as dependent d 



u 



i 








u ^ 
U 



ftp 



i ^ s .■ 



! - — 



f8.l4, 



03 



0 j [-5 A/A_ 






K 



. n . I 
t- ■ L' 



iC are considered as independent and ^ 3 ^. and 
if ferentials , and where the abbreviations 



3 u 



O 

8 ^ u 






w. 



3c7 * 0 CI • Cc ^ • 
^ .7 ^ 



are used. 



The bottom rov; equation in (8.14) gives us the usual economic 
interpretation of the multiplier A: 




(8.15) 



If the determinant of the coefficient matrix in the left-hand 
member of (8.14) is non-zero, the equation can be inverted, 
giving us the differentials os., 5s. 5A as functions 

of 6p^ and 5C7. The resulting equation may be interpreted in 
terms of the Slutsky equat-lon [cfe g Horov/itz, 19 70, p 33]: 




(8.16) 



where the term j refers to the substizuzijr. effsjz 

assuming a change in p ^ and a simultaneous change in J enabling 
u to remain constant. Other results may be derived and will be 
identical with those included in standard micro-economic lit- 
terature . 



The system of equations (8.12) together with the i.nequalitv 

(8.17) determines the implicit demand rela tionshios , i e the 
dependence of demanded energy volumes z as functions of all 
prices p^. and the budget level C. 
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8.3. Economic model of household v;ith access to energy trans- 
formation equipment . 

In the model to be presented in this section we introduce the 
opportunity for the household to transform purchased energy of 
one kind i (temperature IT . ) j i = into energy of a 

second kind j (temperature - ■) , ^ = 1 , 2 , . . . ,:i . The equipment for 
such a conversion produces an entropy S . . which is assumed to 

j 

proportional to the volume of energy input. Also we allow for 
the opportunity for the equipment to interact with the environ- 
ment (temperature T*) making it possible to obtain energy out- 
puts at higher temperatures than that of the input energy in a; 
similar way as described in section 7.5 (cf figure 7.3). Figure' 
3.1 illustrates the flov;s associated with such a transf ormatior| 



T . 







id 0 



Figure 8.1. Energy flows associated v/ith transformation equip-| 
ment i 

According to figure 8.1 the energy input is y . j. and is trans- 

^ ti 

formed into the energy output z . . . The flow from the equipment 

^ J 

to the environment 2 .^.^ may be positive (heat engine example) o 

Z Q J 

negative (heat pump example) . The second-order efficiency is 
assumed constant and is given by: 






(1-T*T r )z^. . 
T'd 

(2-T*T~/ )y.^ 



( 8 . 17 : 



and is related to the entropy production rate S . . by (cf (7.101 



- ri-L . .) (T 



- 7 - 7 






(8.13) 
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If anv of I . . , z . . , z ^ . or S.. are known, so are the other 

±z any ^ 

three. The efficiencies C,/.,- obey "• 

The output energy of kind j is used for producing services 

needing the temperature T-. The volumes of such services produ- 

0 

ced j^, as before, are assumed to be a monotonically increasing 

functions of c . , which we v/rite in the inverse form z^(q^), 

J ^ ^ . 

where z.(0)=0, being the energy requirement for the service 

volu.me a.. The total energv of kind i purchased is v;ritten >y,. , 

3 

and the total energy of kind q produced is written Zy Figure 
8.2 illustrates the overall system. 



Purchased Transformed Services 

energy energy 




Figure 8.2. Illustration of flows in household having access 
to transformation equipment 

.ks in the model of section 8.2 the energy used for producing the 
services cannot be used again for any additional purpose . Such 
possibilities will be treated in section 8.4 belov/. For simpli- 
city we assum.e that the temperature necessary for providing 
service of type j is fixed at in contrast to our former 
model in v;hich we initially had the opportunity to use any 

temperature T . above a given T . . 

J 3 

The costs associated with this model are of tv;o kinds. On the 
hand we have the cost of purchasing energy of kind i, which is 
represented by the given parameter p^, and secondly, we have the 
cost of transforming y . ^ into z , v/hich v/e represent by a unit 
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ooerating and equipment cost r- ■ per unit of energy input. Th( 

z- j 



total costs may not exceed a given budget limit C: 



M M N 

E V .y . + E E r . .z . . < C 



i = l 






i = l 3=1 - 



(8.19) 



The preferences of the household for different services is 



described by a concave utility function u ( q ^ , q , q havinc 



3 u 



positive marginal utilities v— > 0^ i = l,2,.,.,ll 

• 



The problem we analyze is the following. Given all p., r ? 

'L 'i' Q 1 



and C, the utility function is to be maximized by a suitable 



choice of y . . , z . . (giving y z. and q .) subject to (8.19) anc’ 
'0 z. j z- J J 



to the constraints: 



- 7 



l . .( 1 -T*T r . - (l-T*Tr)z.. > 0 
%j ‘V 3 3 0 



( 8 . 20 ] 



E 

i = 2 



: .(q .) > 0 

2^0- 



( 8 . 21 ] 



Introducing the non-negative Lagrangean multipliers X for {8. If 



3-. for (8.20) and v. for (8.21), we form the Lagrangean: 



z-J 



:■! N 



- u + \( C- Z E ( V • + v . ■ ) y . . ) + 



■=1 



t V3 Z3 



M II 



+ E 



i=l 3=1 



E 8 ■ -U ■ .(1-T*T )y . . - (1-T-^T )z . .) 

7 , 7 1 . 1 t 7 , 7 7 7. 7 



Z-J 



.V 

E 

J =1 



M 



+ E V .( I z . ,-z .(q .) ) 
0 f— 7 ^ ^ ^ 



( 8 . 22 ] 



The necessary Kuhn-Tucker conditions are as follows: 



OU 



dz 






3^? 



- V . 



< 0 



3 aq^ - 

<j 



3y . . 

^3 



-\ (v .+r . . ) + 8 . ( 1- 

tj ^3 Z.J 



< C 



(8.23) 

(8.24) 



8.8 



J 



( 3 , 25 ) 



- _ ^ rp - 



V . < 



3 A 



Z i V • , . ) y . , > J 

- - ^ -J w/ , - 









p; R 






r ^ f ^ Mrn -J _ /7_.77:^^ - 

"vy ^ ^ ''i ^i.j ' - - - i.; 



3v . 

j 'i'-i 



H . ^. - z .( q .) > 0 

T'C 3 3 - 






(3.26) 

(8.27) 

(8 . 23) 
(3.29) 



where positive values of the respective variables require 
equalities i.u (3 . 23) - (8 . 23) and strict inequalities that the 
corresponding variables are zero-valued. 



From (8.23) we immediately find •’y^^ 3 niaking (8.28) 

equalities. Hence by (3.25), all 3^.,^. are positive making (8.27) 
into equalities also. The inequality (8.24) then requires a>0, 
which implies an equality in (8.26) meani.ng that the budget 
available is spent in its entirety. This gives us an opportunity 
to eliminate .many of the variables, if we so v/ish. 



3i 



o U 



aa 



Writing u ^ = 

3 J ^'-t ,• 

3 3 tj 

the fundamental inequality; 



and ccmbi.ning (3 . 23) - (8 . 25) we obtain 



n . . . 





+r . .) 
t-J 



(3.30) 



which is similar in nature to (7.117) and v/here is the tenpera- 



ture-discou.nted price of e.nergy type i , 
ting and equipment expense with respect 
and u J. the "temperature-discounted marg 



n . . the discounted ooera- 

i.j 

to inout te.moera ture F . 

~ ■? 

inal utility" for service 



Since C>0 , from (8.26) we obtain that there must be at least one 
u .>0 , say v;hich implies by (3.2~) and (8. 28) that 

a.nd therefore u->7. Hence: 
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I 



6. . 
K U 



(8.31) 



- ^ \ iv . -hr* . ^ ) 

<l ^ < K. L 



From the inequality (8.30) we find; 



u. = 5., 7 - Min 8 ., _< \Min i,}-(v.+v. ) < 7 fp, +r, . J (8,32) 

^ ^ u • I* U u L "* rv O' f^( 



Therefore we must have: 



1, (v, ^ ) = Min s . ^ fr . v-r* ; ^ ^ ^ 

•n 



(8.33) 



where we have used the short-hand notation p^ since the middle 
member is a function of I alone. For any positive energy output 
z^>0, the choice of optimal transformation equipment (k^l) 

U ] 

providing this energy will thus be guided by (8,33), which 
implies that we should compare the temperature-discounted price: 
including operating expenses inflated for the efficiency factor:' 
5 . 7 and then choose an equipment for which this discounted and 1 
inflated price is the lowest. In practical cases the relation 
between 3 and the minimizing value of f (ie k) would presumably 
be unique, meaning that there would be only one optimal kind of 
equipment for each energy use. 



In the special case that all such values of I gave the same 
discounted operating expense r , 7 (eg if this term were negli- 
gable) and the same efficiency (e g only reversible processes) 
then p- would be independent of I, i e p-=p, for all I, which 
implies that one type of input energy alone would suffice for 
providing all energy the household needs. 



In the case that for each I the minimization in (8.33) is obtai- 
ned for a unique i=k(l), we must have: 



- 0, i^k(t) 
and cherefore; 



(8.34) 
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-k(l) ~ ^kl 

< (8.35) 

3 , = 2 ,, 2 

Our problem v/ould then be reduced to that of maximizing: 








subject to the single constraint: 



.V 



s 

1= 






7 ^ 



- 1 

k(l)l 





J < C 



(8.36i 



(8.37) 



which is structure is identical with our model in the previous 
section if p ^ ^ j .^( 1-T*T ) is interpreted as the price of 
energy of kind 1. 



Let us for the sake of analysis assume that the minimization in 
(8.33) does not give a unique solution for a given 1. We would 
then have: 






kl 



_ 7 

^kV^ - -k ^ 



P 






m 



ml 



f (1-T*T - ) 
ml m 



(8 . 38) 



for some m^k , enabling us to choose arbitrarily betv;een equipment 
(k,l) and (m,l) for providing energy of kind 1. If the unadjusted 
prices are different, say: 



V +r 
- m ml 



V, +v. . 
' < kI 



we m.ust have: 



(8.39) 



Py(l-T*Tj) > (2 -T*Th (8.40) 

showing that a higher energy price may be compensated for either 
by a higher efficiency 5^, >5^-? s higher temperature or 
both. Thus there is a clear trade-off between efficiency, te.mpe- 
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rature and cost. Similarly, if the unadjusted unit prices are 
equal we obtain: 

T*t7^ - T*T~^ = Z (8.41) 

K m rn l .< l- 



showing the higher temperature to be associated v/ith a lower 
efficiency and vice versa. 



If we wish to study consequences from changing our given parami.e 

values, in the case of a unique solution to (8.33) the problem- 

(8 . 36) - (8 . 37) will have the same structure as (8.3)-(8.4). The: - 

fore the procedure described in (8.14) and subsequently will be 

_ - 2 -1 

valid when is exchanged for ^ \ ( i ) ^ ^ ’ Writ:'C 

5p? for this differential, we derive the following sign relatic!- 

ships : 






dp* 






^^k(l) I 



dpf 

dT. 



(8.42) 



oE> 



'I 



k(l) 



(8.43) 1 

I 



^ —7 — 7 

^ -T ~ ) > 0 (8 44) 

dT*^‘k(l) ^ ^ 

These results may be interpreted in the follov/ing way. An in- 
crease in the direct price of the energy of optimal type k(l) 
used for transforming it into energy of type t to be utilized f 
providing service of kind I, has the same effect as a price in- 
crease 6p^>0 in our former model in section 8.2. The same resul 
applies to an increase in operating and equipment expense 
Also in using a higher output temperature or a lower input 
temperature the same consequence is obtained. As for the 

environment temperature T* , an increase 6T*>0 will have the sam 
effect as a price increase, if input temperature ;below 

output temperature T and the reverse effect if output tempera- 
ture r, is below input temperature T, , - , . A warmer environment 

K { L’ J 
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v/ill correspond to a cost increase when energy temperature is 
raised and to a cost decrease when energy temperature is lowered. 
This result, as well as the former consequenses appear to be in 
full agreement v/iuh intuition. 

8.4. Economic model of household energy utilization includi.ng 
opportuni ties to reuse energy output (feedback) . 

The third energy utilization model introduced is scmev/hat more 
general in nature than those already treated, and they may there- 
fore be considered as special cases of this third model. 

As before, the .household has the opportunity to purchase energy 
flows corresponding to different temperatures from outside 
sources. Flows will be positive when arriving from the environ- 
ment and negative v/hen leaving the household to the environment. 
These primary energy flows may be transformed into secondary 
energy flows by means of equipment the household has access to. 
Such equipment will be described as transformation 'processes 
Among these processes we have "dummy" processes available, which 
leave the corresponding incoming energy flows unaffected. 

Secondary energy flows are fed into other equipment also des- 
cribed in the form of processes and called service processes 
This equipment, when supplied with energy flows in suitable 
forms, provides services to the household. The household then 
evaluates the services delivered according to a utility function. 

The service equipment, when in use, will have outgoing (waste) 
energy flows. These flov;s might be of such a form that they can 
be recycled as inputs into other processes. Also a transformation 
process might yield as an oucput energy in different forms. .All 
of these forms might not be required by the service equipment and 
residual flows can also be recycled supplementing the primary 
energy inputs. 
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The total number of energy forms present in the entire system . 
a given number .7, the number of transformation processes is K 
and the number of service processes is M. The jth transf ormati;i 
process is described by two //-dimensional column vectors, an 



input vector y . with non-negative components y . . and an output 
J 'Z' j 



vector 3 . v;ith non-negative components 3 _. 

J 'Z' J 






2j 



/.Vj, 



(8.45) 






2J 



’iVJ 



(8.46) 



These vectors describe the energy inputs and outputs of trans-| 
formation process j when this process is run on a unit aativit' 



level. Several of the components of y . and z . would usually bei 

0 0 

zero-valued. On unit activity level, the process will require 






as input flows of energy of temperatures 



.3,,. of temoeiJ- 



j • • • -> provide output flows 

tures T ^,T . ,T . The input and output vectors are related 

according to first and second law relationships to be describe 
below . 



Similar applies for the service processes the activily levels 
which influence the utility function of the household. For ser 



vice process k , it is described by an //-dimensional non-negatis 



input vector and an //-dimensional non-negative output vectc 






in which a_.. is the fth component of a, describing the inp 



flow and b .. the output flow of energy of temperature T. 

rL 'I' 



when 



this /cth process is run on a unit activity level. 
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Let us use the designation v . 

^ J 

similar for | c , | ^ j a. | ^ j 1 , j . The 
tion processes then requires: 



for the component 
first lav/ applied 



sum 



anc 



'' —1 

to t rans forma - 





. 7-7 



o 

^ J 



K 



and applied to service processes : 



(8.47) 



k = l, 2 ,...,M (8.48) 

Let us now assume that the entropy production of the various 
processes is proportional to the level of activity at which each 
process is run and that s j. is the given entropy production rate 

d 

of transformation process 3 and a, the similar rate of service 

< 

process k. Introducing the constant :7-dimensional rev/ vector: 

T ^ rr'Ll'L . ■ (8.49) 

the entropy production at unit activity level of transformation 
process j will be: 



x(z.-ij.) = 3 . (8.50) 

d d d 

and of service process k: 

T('r^,“U^j - Cj, (8.51) 

When pure wor.k occurs as a flov/, i e a power, this corresponds to 
infinite temperature and the corresponding component in x is then 
zero-valued . 

As we know from previous chapters, the second-order efficiency 
requires reference to exergy and therefore to an environmental 
temperature T* . Without specifying the origin of such a tempera- 
ture, we define the second-order efficiency of transformation 
process j and service process k respectively as: 
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TZ • 

J 



1 



(8.52) 



- -p * 











_ 'p =♦« 






I c; . I -r*T2 . 

J ‘ J J 




a. 



2-^ 

I -T*xa^ 



o, 

K 



b, \-T*Tb, 
+T'- 



(8.53) 



which shows alternative formulations based on the relation that 
input exergy equals output exergy plus the product of environ- 
mental temperature and entropy production. 

Let us now introduce non-negative activity levels a ^ a a. 

for the transformation processes and 3 ^ ^ • • • j for the 

service processes. The total input and output vectors of the 
transformation processes as a v/hole may then be written: 



y = I a.y. ^ Jet (8.54) 

3=1 ^ ^ 

K 

z = I Oi,z = Z3 (8.55) 

T - 7 <7 J 

KJ 



where i and Z are iVxj-dimensional matrices, y and z tV-dimensiona 
column vectors and a a J-dimensional column vector. Similarly we 
obtain for the service processes as a whole: 



M 

a — E — >i3 

K = 1 

M 

b = I Q-,b. = SB 



(8.56) 

(8.57) 



where -4 and 3 are .Vx.v-dimensional matrices, a and b //-dimension 
vectors and s an /-/-dimensional vector. 



In order for activity vector 6 to be feasible, there must be a 
sufficient supply of all kinds of energy necessary for running 
the respective service processes having non-zero components in 
3. Hence an important constraint is that a<z or: 
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.4 3 < 2 a 



(8.58J 



The residual energy flov/s 2a-4. 3 may be recycled into the trans- 
formation processes if they are of use there. This flov/ together 
v/ith the output of the service processes will represent the 
feedback in the system 2a-.4 3+5S. The input from e.xternal sources 
into the system written as an .7-dimensional column vector r thus 
is the i.nput flow of the tr'a.ns formation processes less the feed- 
back flow: 

c: - (Y-Z)a + (B-A)S> (8.59) 

By multiplying both members by i and using ( 8 . 50 ) - ( 8 . 51) we 
obtain : 

K M 

IX = - I s.a. - E T 7 St, (8.60) 

j = l ^ k = l ^ 

and the total entropy production rate of the system (dot nota- 
tion omitted) when given all activity levels in a and 3 will be: 

5 - -Tx - sa + 33 ( 8 . 61 ) 

where 5 is a Z-dimensional rov/ vector collecting the entropy 
production rates of the transformation processes at unit acti- 
vity levels and o similarly an l/-dimensional row vector for 
the service processes. Since are all non-negative so 

must -XX be. Therefore whenever an irreversible process is 
running, we must have a non-zero vector x, or, in other v/ords, 
the system will always require an interaction with the environ- 
ment whenever irreversible processes are running. 

Figure 8.3 illustrates the various flows in the system, all 
arrows representing .V-dimensional vectors. 



8.17 




Services 
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Figure 8.3. Schematic representation of energy flows in house- - 
hold model with recycling opportunities 

We are now in a position to formulate the utility maximization' 
problem of the household under consideration. The service I 

volumes provided by the equipment k may be considered a m.onoto-^ 

I 

nic function of the activity level of that process. There-- 

fore the utility function being a function of the service 
levels, and having positive marginal utilities, will be an 

1 

indirect function of the activity levels; 

u - u (8.62) 

The household pays the positive price per unit of input of 
energy of temperature T^. . The operating and capital costs for 
running the processes are assumed to be proportional to the 
respective activity levels. The corresponding unit costs are 
denoted r= ( r ^ , r , j r ) for the transformation processes and 
p = ( p ^ j p „ . , . j p ) for the service processes. The total (net) 
outlay is not allowed to exceed a given budget limit C. Collec- 
ting all prices p. into a row vector p- ("p ^ p , p ,J, the budge 

constraint will be: 
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pz' + ra + pH = p ( i Y-^ J a + , n-3 j S J + rj. + p'p J \S.63i 

Also v/e have the vector constraint (8.53) The household is now 
to choose optimal values of all different a. and 3, subject to 
the constraints and given the matrices YyZjA,3, and the vectors 
Pj^jP and the budget C. 

Introducing a non-negative multiplier /, for (8.63) and an 
."/-dimensional row vector of non-negative multipliers 
u- /y , j y j . . . j ’a .J for (8.58) we form the Lagrangian: 

L - u(3) + \(C-p ( (Y-Z) a + (A-3) 3)-i-ra + p&) + \x(Za-Ai) (8.64) 

The necessary Kuhn-Tucker conditions will be: 



- -\(p (u -z .) +T .) + yz,. 
3 a J J J J 

d 


< u 


(8.65) 


ll - - 

fS. K 


ya, < 0 


(3.66) 


|j = C - p((I-Z)a +(4-3)3/ 


- ra - p & ^ 0 


(8.67) 


y M 

. - Z u , ,a , - Z .4 . 7 S 7, 

j=i k=i 


> 0 


(8.68) 






(8.69) 



or rewriting (8.65), (8.66), (8.68) in matrix-vector form: 

yZ £ \(p(Y-Z)+r) (3.70) 

Vu _< \(p (A-3) +p ) + y.4 (8.71) 

43 1 Za (8.72) 

where 7’u is the gradient of u arranged as a row vector. Since 
strict inequalities require zero-valued variables and positive 
variables require equalities v/e also have: 
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uZo. = X(p ( Y-ZJ +rj a 



(8.73) 



Vi<3 - X (p ( A-3-^p ) S, + u-4 3 
XC = Xp ( ( Y- Z ) a+ ( A-3 ) $+ra. + p 2 ) 



U 2a - p/i g 



(8.76) 



j-iet us first rule out service equiment that is teahnYoatty Yn- 
jeas-.D'.e^ If for some service process I its input vector a, ha 
a positive requirement of energy t, i e , and no transfor 

mation process has such an output, i e z . .=0 for all j, then 
obviously (8.68) can only be met with ^^=0 (an electric toaste 
cannot be used in a non-elec trified area with no access to 
donkey generators) . Such infeasible equipment can easily be 
ruled out of our problem, and we therefore adopt the conventio: 
that the g^-variables do not represent any such equipment. 



We nlw show that x>0 and that therefore the entire budget C is 
spent. Assume by hypothesis the contrary case \-0 ^ Then by 
(8.71) \iA>0 an(U for each k there exists an i depending on k , 
z(<), such that and Since equipment k is not 

infeasible, there is at least one transformation process j 
providing energy i(k), i e J(i(k)) with 2 1 • / • ),>0. There- 

fore which, by (8.70) requires x>0 . Hence X>0 and v 

have an equality in (8.67). Furthermore we cannot have Q=0 , 
since (8.73), (8.75) and (8.76) would then require C=0 contrary 
to hypothesis. This means that the budget is spent in such a 
way that some service as well as some transformation process 
must be in use at the optimum, quite as expected. The trans- 
formation process .might however be a dummy process. 



We now reformulate some of our equations in order to study ; 
relationships between the optimal behaviour of the household an- 
tne exergy consumption (or entropy production) that this beha- ' 
/iou.. gives rise to. First of all we introduce the following j 
diagonal matriz x” , in which T* is interpreted as an environment' 
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temperature and is assumed to be different from any 
temperature : 



otner one 



r - 












(8.77) 



This matrix v/ill thus have a unique inverse r " v/hich is diagona) 

-1 - ^ 

having the element ( 1-T*? . j * in its tth diagonal position. 



Using r, the temperature-discounted prices collected in a rov/ 
vector may be written: 



p = V 



(3.78) 



We also introduce exergy input and output .measures for the 
various processes by premultiplying their respective matrices by 



Z - T2 
~A = TA 
T3 



3 - 



(8.79) 

(8.80) 
(8.81) 
(3.32) 



•A.t unit activity level, exergy input of transformation process 



v/ill then be 



"^3 .-1 = 13 . 



entropy production: 



the exergy output \ 7 r. \ z _. \ and che 

' j ' y 






c 



(3.33) 



and similarly for the -^th service process 
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(8.84) 



0 



< 




v/here is the jth column of 1 etc. Out cost constraint can 
thereby be rewritten as: 

J _> pii'-ija + p(A-3)S, -f- ra + pB (8.85) 

and, if all diagonal elements of r are positive, our second 
constraint comparing the output of transformation processes an 
the input of service processes will obtain the form: 

( 8 . 86 ) 

Our objective function u(B) is entirely unaffected by these | 
substitutions. Hence, our original problem will be identical ii 
structure with the problem to m>aximize u(B) subject to (8.85),; 
(8.86) in which ier.psvazui^s-disccunted prijes and zxsvgy input,| 
output matrices appear rather than pvdoes and input/out-: 

put matrices referring to ozerpy fZci:s. Due to these similari-- 
ties the Kuhn-Tucker conditions will be the same as previously 
obtained having taken these substitutions into consideration ai. 
therefore the solution (or solution set) will be exactly the 
same in either formulation. : 



Up to now we have considered the prices included in p_,r> and p « 
given. The solution in \ and u (or y-yr *) at the optimum 

will be functions of these prices. 

Varying the prices will therefore result in variations of 
optimal activity levels and mulcipliers. For a given set of 
prices there will be a certain entropy production and a certair| 
exergy consumption: 

- p^isa-^aB) (8. 87) j 
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These also depend on the prices, and price variations in the 
general case, also will result in variations in exergy consump- 
tion. Therefore it is of interest to inquire into the relation- 
ship betv/een the price parameters and exergy consumption, since 
the latter reflects the true resource that is consumed. 



As a starting point let us revert to our original problem giving 
a solution based on the given prices. For this solution the 
utility function u(3J will take on its constrained maximum 
level, say ufBJ=u and the entire given budget C will be spent. 
Let us now allow the prices to be adjusted (but kept non-nega- 
tive) such that the utility level at optimum will nor fall short 
of u and the expenditure remain at C, in such a way that the 
exergy consumption T*S in (8.87) is minimized. Introducing new 
non-negative multipliers xj y and e, the latter a row vector, we 
form the Lagrangean: 



L - T*(3d-i-a3) + <ji(u-u(B)) + y (p ( i-Z) a.-rva+'p ( 3 + ) + 



+ e.(A3-Za) 



( 8 . 88 ) 



Dif ferentiati.ng , we obtain our Kuhn-Tucker conditions written in 
the following matrix-vector form: 



T*3 -i- y(p (I-ZJ+rJ - s2 ^ 


0 


(8.89) 


T*c - x7u + y (p (A-3) +0 ) 


+ £.4 > j 


(8 . 90) 


y((l-Z)a. +{A-3 Jb) 2L ^ 




(8.91) 


u - u( 3) ± 0 




(8.92) 


C - p(Y-Z)d- ra. - p(A-3J 


6 - p3 1 7 


(8.93) 


46 - Za <_ (? 




(8.94) 


-t y (p i 1-Z ) -rr ) - tZ ) a = 


0 


(8.95) 
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r 7 u+y C? 1 h-3 j +p ) +£/4 j 3 - J 


(8.96) 


yp ( (Z-Z) o. + (A-'b) - 0 


(8.97) 


( u-u ( Q ) ) - 0 


(8.98) 


y ( C-p ( Z-Z ] a-ra-p (A-3 ) Q-p ^ ) - 0 


(8.99) 


er.4S-Zaj - 0 


(8.100) 


a, 3, Pj w, Yj e ^ 0 


(8.101) 



where (8.91) is the condition obtained by differentiating with! 
respect to all discounted prices. This set of conditions has i 

some important consequences. j 

1 

Eq (8.97) is Y multiplied by the total expenditure on energy | 
purchases. If at least one energy input used has a positive j 
price, we must require: | 

y = 0 ( 8 . 102 ) ; 

Adding (8.95) and (8.96) and using (8.100), (8.102) amd (8.37) 

yields: ' 

(joVue - S (8.103) 

If at least one process in use is irreversible, S>Q , which 
requires Hence, utility will remain at is original level u 

according to (8.98). Since the household behaves optimally 
(8.70) and (8.71) are valid, which we now write on the form: 

\(p(Y-Z) +v) - >_ 0 (8.104) 

\(p(A-3)+Q) - Vii + V A ^ 0 (8.105) 
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Since ti >0, v/e may divide ( 8 . 89 ) - ( 3 . 90 ) by , v;hich, using / ,, 
gives us: 



3te ,, 


^ Z > 0 


U) 


00 — 


T*a 




■ M 


'/ U — H > J 


CO 


00 «- 


These 


two inequaliti tes are to 


which 


shows that if prices are 




T if. .. 


p(d-~D 


+ r = 

00 A 






p(A-3) 


P - > 

00 A 



(3.106) 

(8.107) 

be compared with (3 . 104) - (8 . 105) ^ 
chosen so as to satisfy: 

(3.103) 

(8.109) 



t.he two pairs of conditions coincide. A sufficient condition for 
this to occur is (i) that all t emv e t at uvs-d'i, scour, ted prices are 
equal and (ii) that all operating and capital costs for one 
equipment are proportional to t'r.e entropy production in each 
process. To show t.his, v/e write the discounted prices in the 
form: 



p ^ (2,1, , Da (8.110) 

v/here u is a positive constant. Using (3 . 33) - (8 . 34) v/e then 
obtain : 

-cJ7*s - r (8.111) 

U A 

(-^ -cJT*t = 0 ( 8 . 112 ) 

u A 

-1 - ’ 

Obviously we must have a<o A v/henever r±7 or ^-=<=1. These tv/o 
equations show t.hat with a coefficient of proportionality 

- T - 1 

Co) *A ' -C/T* betv/een entropy production and capital/operating 
cost, v/here c is a constant temperature-discounted price for all 
kinds of energy input, the tv/o pairs of conditions must coi.ncide. 
Furthermore, in the case of negligable caoital/opera ting costs 
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The temperature-discounted price must obey p .-c-co 
Combining (8 . 73) - (8 . 76) v/e obtain: 



7 B — X Lf 



(8.113) 



which by (8.103) means: 

T*S = VXC (8.114) 



Hence (8 . Ill) - (8 . 112) may be rewritten as: 



r . 



+ o - C, c =1 , 2 , . . . 
T*S S 



Pi cr , ^ 

— ^ + a = ^ C, k = l,2, . . . 
T*S S 



(8.115) 

(8.116) 5 

i 



This m.eans that the total energy cost per unit of activity levs 
in each process is made up in such a way that it equals the sha> 
of the total cost that the entropy production of each process 
represents . 



The model treated above shows the following. If a household wif.^ 
given irreversible equipment m.aximizes its utility while treatirf 
all energy prices as given, it will minimize its use of exergy <’i 
a given level of utility and with a given budget, when the cost' 
for running the processes exactly reflect the amount of exergy 
consumed in the processes. This occurs when all temperature- 
discounted prices of energy inputs are equal and all operating 
and capital costs proportional to the respective rates of entroj, 
production. Once again, this model reminds us of the important 
role played by the temperature-discounted price concept. 
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8.5. 



Example of a household using energy for heating and 
lighting purposes 



As an illustration of the theory presented in the foregoi.ng 
section v/e provide the follov/ing example of an interpretation of 
the model. A household needs electricity for lighting its house 
and heat for providing a comfortable temperature. The budget for 
these purposes is C. As energy inputs, the household may purchase 
electricity and/or steam heat of temperature T., delivered from a 
utility netvjork. The heat needed for space heating is of at lease 
room temperature T and the temperature of the environment of the 
house to which the space heat leaks is T The temperature of 
electricity delivered is When using electricity for 

lighting-up purposes, heat from light-bulbs is discharged to the 
space in which these bulbs are located at room temperature. 



The service processes are therefore w-f in number. Process 1, 
space heating , has room tem.perature heat as an input and environ- 
ment heat as an output. Process 2, lighting, has electricity as 
an input and room- temperature heat as an output. Altogether there 
are ^1=4 levels of energy quality present. Using energy input to 
define unit activity level, v/e have the following input and our- 
put matrices of the service processes: 



'0 1 

0 0 

1 0 

0 0 

\ J 



'0 o' 
0 0 
0 1 
^ 0 , 



(8.117) 



(8.113) 



As transformation processes the household needs either 
heating equipment (process 1) transforming electrical 
heat of room temperature or a heat e.xchanger (process 



resistance 
energy into 
2) trans- 



8.27 



forming steam heat into heat of room temperature (or possibly 
both). Also v/e need to introduce tv;o dummy processes, the firsi 
(process 3) transforming electricity into electricity, and the 
second (process 4) transforming heat of room temperature into 
heat of the same temperature. These dummy processes are needed 
for theoretical purposes, since there is no direct external ir 
put into any service process and no direct feed-back from one 
process (in this case lighting) into any other process (in thi 
case space heating) . Thus we have a total of K=4 transf ormatic 
processes. Using energy input levels, as before, for defining 
unit activity levels, we have the following input and output 
matrices : 



J - 



0 

1 

0 

0 



(8.119) 



Z - 



0 

0 

1 

0 



0 

0 

0 



( 8 . 120 ) 



Since the transformation output cannot fall short of the servi, 
input, we have Za>Az, which in this example is written as: 



0 0 10 
0 0 0 0 
110 1 
0 0 0 0 



"41 






> 


f \ 

0 1 






'3/ 




0 0 




s. 




0 


•s. 






1 








1 0 




3o 






J 


.0 0, 






[o J 



( 8 . 121 ) 



This gives us the tv/o constraints: 



a ^ > 3 ^ 

2-2 



( 8 . 122 ): 



0 . 1 + 0 . ^ 
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Assuming that the household cannot purchase energy of room tem- 
perature from external sources, we must require which indi- 

cates that there might be an opportunity of an external discharge 
of excess room- tempera ture heat, but certainly no external input 
of this heat. The external flcv/ directions of other kinds of 
energy are natural consequences of the optimization procedure, 
i e that electricity may be supplied x ,>0 , steam heat may be 

J. 

supplied X ^^0 and environmental heat may be discharged r . Let 
us v/rite these inequalities in the following form for simplicity, 
despite the fact that three of the inequalities are of no 
importance : 



^ ^ (y-Z)a + (A-3)Q 



I + S -,-3 ^ 



>0 



>0 



<0 



(8.123) 



For these inequalities v/e need a set of 
write \^-> = \ ( \> jy V , V ^) , knowing X of 

be positive. 



multipliers which we 
the budget constraint to 



The household as an energy-using system may nov/ be described as 
in figure 8.4. 




Figure 3.4. System of energy flows in household example. Top 
four flows indicate flows in order of falling 
temoerature 
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The household is assumed to maximize a utility function of th' 
Cobb-Douglas form: 



v;here ^ j-’ ^ 2 positive constants that satisfy + The I 
marginal utilities collected in a row vector, the gradient of ! , 
v;ill then be: 



in which the reflect the relative marginal importance of tij 
two kinds of services provided. I 

The prices of electricity and network steam are denoted anc^ 
p^, v/here as no external price is attached neither to room teiri 
perature energy nor environmental energy, p ^=p ^-0 . The operatip 
and capital costs of all equipment are neglected for the sake |f 
simplicity r=0,p=0. 

I 

I 

The Langrangean of this household's problem needs to be extendi 
with an additional term for the inequalities (8.123) as compari 
to the model in the previous section: , 

L = u + X(C-p(I-Z)a.-p(A-3)^) + 



+ ]i ( Za,-A ^ J - + (A-3)3) 

The Kuhn-Tucker requirements for a constrained maximum of u ar. 
now : I 



u.-^ S> 



(8.124 




(8.125) 



(8.126) 




(8.127) 




(8 . 128) 



C ^ 2’^2 ^ 1^2 - ^ 



(8.129) 



(8.130) 
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< 










< 0 
< 0 
> 0 



\) , > 0 
4 — 



(8.131; 



and inequalities (8.122) and (8.123). Also a strict inequality 
requires a zero-valued variable and a positive variable an 
equality. FroRi (8.128) we obtain that both are positive 

in order for the multipliers to remain finite. Hence froni (8.123) 
we find From (8.127) we obtain = and therefore 

from (8.128) and (8.127) : 






(8.132) 






(8.133) 



The first of 

0 .^= 0 , i e no 
1 

processes 
choose ; 



these two inequalities- requires immediately that 
resistance heating. The levels of the tv/o dummy 
and 0 .^ are only limited by (8.122) . Hence we may 




Higher values of these tv/o activity levels had been permitted but 
would only have represented additional circular flows of elecori- 
city and room temperature energy, having no consequence to the 
results. From v/e obtain the equality: 



(8.135) 

shov/ing that always 6 ,2.^2* 

Postmultiplication of (8.128) by 3, talcing the quotient of the 
two com.ponents and solving for v, gives us: 
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t' 7 






(8.136 



6,3n 

i ^ 






This shov/s that (8.132) gives no additional information, where, s 



(8.133) may be rewritten according to: 



6; <5- P, 



6 ^ 3, 



3 o - <5 p o p ^ ^ 3 3 p '' 



(8.137)1 



where v,,_<5 and where a strict inequality requires a_-(?. We ma> 

^ o I 



distinguish two possible cases, the first case I, occurring fc| 



3 , ? - 

- 1 ) > 1 

^ n r' o 



(8.138) 



This case requires 3j>Sp and o-2>0 and therefore v ^=0 . A positi,; 
a., yields equality in (8.137): j 



3. 






(8.1391 



2 ^2 



which gives the value: 



" o "?2 



(8.140) 



The second case, case II, is obtained when: 



5 , p 



^2^2 



(8.141) 



If this is a strict inequality, then we either have equality ir 



(8.137) with v.,<(7 and therefore a^=0 or strict in equality in 



(8.13/) demanding a^=0. If this instead were an equality, eithe 
3,/3„-I and therefore a^=0 or v.,<0 and a.,=Q. Therefore (8.141) 



i.molies : 



a^ — 3- 3«p~^ 



(8.142) 
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and by (8.136): 



V ^ 




(8.143) 



Using the budget constraint, it is now a simple task to obtain 
values of the remaining variables. The results are summarized in 
table 8.1. 



CASE I 




4, 



CASE II 




a , > 
0 — 






= 



'2 

\ = 



"2 4 



^ , > 

— 



" -1 ^2^2 -i 

cs .1 (s ui- ; 

1 j. 2 - 2 6 V 






-I -1 



-2 



,-2 



(p i~?„) 

( ( 6 /c r' ( & ^/p U & ^/ (p ^-P p ) 

0 
0 
0 
0 
0 
Q 



^2 



V - 

4 



^2 

0 



.... -5. 



6,^62 6^ 6, 



0 



~ - 7 




0 



0 

0 

0 

< Q 




J 

5,^5, 
(c/pp - ‘ 



Table 8.1. Solution to model for the two possible cases grven 
by (8.138) and (8.141) 
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Let us now take some entropy considerations. At unit activity 
levels, the transformation processes will produce entropy at 
rates given by: 





oo oo 





0 , 0 ) 



(8.144 



and the service processes similarly at rates: 




Investigating into the problem of finding a price system that, t 
a given level of utility u, minimizes total entropy 5-sa+aS we, 
form tha Langrangean: 

^ ~ 3 CL ~ 0 ^ ( u~'u ) (8.146J 

where aj 6 and u are functions of and C according to table 
8.1. Differentiating with respect to p ^,p ^ in case I yields the; 
solution : 



p ^ ^ (8.147) 

rp j) 

'"42 

which shows that the two temperature-discounted prices must be 
equal. Inserting these prices into the exergy consumtion 
yields: 

i 

t/s = Cd~^ (8.148)‘ 

4-1 \ 

In case II all variables depend on p ^ alone. Therefore there wi’ 
be no reference to p ^ enabling us to derive an optimal relation, 
ship betv/een the prices. Also in this case the exergy consumtio 
is given by (8.148). 
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The tv;o cases are interpreted as follows. When che marginal 
propensity to consume light is low (6,. small), the household 
purchases electricity and heat separately, and uses up whatever 
waste heat the lighting system provides for space heating. When 
6^ is very large on the other hand, all space heating will be 
provided by the waste heat and there v/ill be no need for additio- 
nal separate heat purchases. In the former case, a household will 
reach a given utility level at the same time minimizing entropy 
production (or exergy consumtion) when the energy price system is 
such that temperature discounted prices are equal. In the case 
with a high ^^-value no such conclusion can be drav/n . It might 
be noted that lighting equipment may be used as a representative 
for all such kinds of electrical equipment. The model would 
easily be e.xtended to cover additional needs of service such as 
oven heating or hot water, introducing additional temperature 
levels and requiring a higher value of .7. 

8.6. Relationship between optimal energy utilization and other 
consumotion . 



In the previous sections we have presented m.odels for describing 
the optimal plan for energy utilization. In these models it has 
been assumed throughout the e-xistence of a given maximal budget 
C for the purchase of energy in different qualities. This is of 
course an unrealistic simplification, since the utility of 
services using energy and the budget for this purpose are not 
independent of other consumed coram.odities . 

Below we introduce the energy utilization plan as a subunit of an 
overall consumption plan including other goods and services. The 
energy budget v/ill then be part of a more extensive budget, 
possibly i.ncluding the disuuility of the labour provided by the 
household as well as the income from providing labour. 

The following notations are used. The plan for energy inputs is 
described by the column vector x and p is the rov; vector of 
prices associated with x. Similarly the column vector y describes 



8.35 



the plan for consumption of other commodities and r is the row 
vector of prices associated with that set of consumption 
variables. The vector y may include delivered services and lab( r 
in which case such components, by convention, would be negative 
If J represents unearned or any other income not accounted for y 
any terms in ry , the budget constraint will be; , 

px + ry ^ I (8 . 149) 



Nov/ let the preferences of the consumer or household be descrikd 
by a utility function u(x,u) with positive marginal utilities fr 
commodities consumed and negative marginal utilities for absolve 
values of services and labour provided. This implies that all 
partial derivatives of zi are positive. 



In the models in our previous sections, we have made the implied 
assumption that y is given and that the budget left over for [ 
energy purchase is given, C=I-r>y. We let u(C,y) denote the 
maximum utility for a given C and y Using \ for the Lagrangean 
multiplier associated with this budget constraint, we have: 



3u rCj u ) 
3C 



(8 .150)| 



which represents the marginal change in maximum utility when 
adjusting the budget C. 



We now consider the supreme problem, which, when given an optim. 
X for each C, will be to maximize u(C,y) subject to: 

ry ± I - C (8.151) 



Introducing a multiplier 4 for this inequality and forming the 
Lagrangean : 

:• u(C,y) + -Q(I-C-vy) (8.152) 

we obtain the necessary optimization conditions: 
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^ 


(8.152, 


^ - i - 0 

3C 


(8.154) 



assuming C>0 . Vie therefore find that > - f at the overall optimum, 



_ dll _ aU 

dc 31 sri-c; 


(8.155) 


The problem of choosing an optimal C is therefore to 


slice the 


total available budget I into two parts, the line of 


division 


being characterized by equal marginal utilities v;ith 


respect to 



changes in either budget, based on the requirement that each of 
these two budgets be spent in an optimal way on energy and non- 
energy commodities respectively. 
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CHAPTER 9 . 



CONCLUSIONS AND DISCUSSIOM 



9.1. Introduction 

In this concluding chapter we briefly review the mam results 
of previous chapters and bring up some items that might have 
been included above, but for one or an other reason were left 
out To tie up such loose ends may be a challenge for future 
research. Some ideas for future work along lines in this spirit 

conclude the chapter. 



9.2. Main results of reporjt 

The chief objective throughout this work has been an attempt 
to study characteristics of energy envisaged as a ouarc,=^ 
r.aourc., i e a resource to which an economic value should 
and would be attached. The basic ideas underlying our treat- 
ment have been on the one hand that energy as such cannot be 
scarce, since it is indestructab le , and on the other, what has 
been called the symmetry principle, i e that characteristics 
of energy extracted from a system of sources must be symitetric 
functions of the set of properties of these sources. The former 
principle requires that the scarcity property of energy must be 
described and e.xplained by qualitative characteristics or energy, 
its "content", or amount, would not suffice, whereas the latter 
principle attaches a derived and abstract meaning to the exist- 
0 ncG of 0 nv i ironmon t . 

According to economic theory a price system is employed 
attach economic values to commodities to be produced, to 
commodities to be traded, and to commodities to be used. These 
values (prices) are values; in principle any multiple 

of a given set of prices would perform the same comparative 
evaluation task. Examples supporting this point are, ‘ 

the different price systems (monetary units) working in iso a e 



1 



economies, or inflation under which relative prices remain 
out the value of the monetary unit changes. There are no 
absolute economic values; only values of one commodity com- 
pared to the value of a "numeraire". This also applies in the 
models we have been considering in which the exergy price was 
shown to be able to act as a suitable basis of comparison, 
and that temperature-discounted prices (etc) of energy in 
other forms were to be compared with the exergy price. 

A few main results of the previous chapters appear to be the 
following. Chapters 4-6 were mainly technical in nature; no- 
where did pure economic considerations enter. Although one 
might very well take the position that maximizing a work out- 
put subject to thermodynamical limitations, in essence, could 
be interpreted as an economic procedure, i e achieving a desire' 
objective under certain limiting constraints. In any case, no 

1 

economic value units (prices) were introduced until in chapter j 

It is felt that the symmetry principle, when applied to the | 
modelling of thermal and more complex systems of energy sources: 
was able to yield some new insights. As an example we believe 
that, for instance, the simple formulae in (4.30) and (4.28) 
showing explicit relationships between properties of sources 
(initial temperatures, heat capacities), the given entropy 
production S on the one hand, and maximum extractable work 
(exergy when S = 0) and final temperature on the other. The 
most general extraction problem we looked into, was reported 
in section 5.4, where the abstraction adopted went to the limit 
that all extensive properties apart from internal energy were 
left uninterpreted. The symmetry principle also determines the 
final mutual temperature and other intensive properties as 
averages (in simple cases geometrical averages) and these values 
are cor.veniently interpreted as those of an artificial environ- 
ment. The asymmetric case of having an infinite environment is 
then easily produced by requiring the molar content of one syste 
element to tend toward infinity. 
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The ideas presented in chapter 6 treatiny radiation j[i[^ear to 
be more preliminary in nature. I terns that might have some degree 
of originality v/ould include the definition ot an iueal coJ lec- 
tor and the fifth-order polynomial equation (t.39), its solution 
shown in figure 6.2, determining the optimal operating tempera- 
ture of the collector and thereby the maximal power output. A 
fair amount of space v/as devoted to the question of creatifig a 
maximal concentration of radiation and thus relating the second 
law to a geometrical principle. Ideas along such lir.es v/ould 
hardly be original, but this has not been checked. The main 
models in chapters 4 and 5 v/ere foilov/ed up by economic counter- 
parts in chapter 7, v/hereas chapter 6 had no successor of this 
kind . 

The economic models of chapters 7-8 appear to have some degree 
of novelty. These chapters treated energy extraction ("production") 
on the one hand, and energy utilization ("consumption"), on t.he 
other. I.n the basic models of sections 7.2, 7.4 and 7.6 the 
symmetry principle was applied, meaning that the "environmental" 
temperature v/as determined by the system itself, v/hereas other 
models in chapter 7 as well as in the whole of chapter 8 as.^umed 
a given constant environmental temperature .*. 



The most important result of chapter 7 appears to be the prin- 
ciple by which is required that the economic value of energy 
should be related to the correspondi.ng amount of exergy, or using 
a different v/ording, that temperature-discounted, pressure-dis- 
counted, etc, prices, would be the relevant unit values of energy 
of interest to be used as yardsticks v/hen appraising energy in 
different qualities. 



According to the final resul 
of heat would be determined 
price, r* the "environmental 



t of section 7.6 the value of a .;ni 

- 7 

as p(2-T‘T '1, v/here p is the exerg 
" temperature and r the temperature 



t 
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of the heat; the value of a unit volume displacement by 
whore a* is the "environmental" pressure and t the pressure of 
the volume displacement. 



These results are obviously open to further generalization. I 
Choosing the general version of Gibbs' fundamental equation 
(5.55) as a point of departure, we would also have the followii 
extensive properties, namely molar contents n . , electrical chai 
q, extent of chemical reaction z, magnetic dipole moment .V (cf' 
(5.102)) etc. The discounted value to be ascribed to a mole of 
substance i would be p T p . -)j ^ , to a unit charge p(0~i-*), to a 

"V 'Z' 

unit of reaction extent prv-u*1, to a dipole moment unit 
/\ 

pu^(HV-H*V*) and, quite generally, p(y^~y*) to a unit of extensjv 
property x , where is chemical potential of substance i, O 
electrical potential, v affinity of chemical reaction, H magnet 
field density, V volume, and intensive property correspondin 
to e.xtensive property of l^ind i. The justification for this pro 
position would be found directly from the symmetry of the abstr: 
model in section 5.4. Hence apart from the already available 
concept of ternperatuve- and pressure-discountc-d prices, we arri’): 
at the notions of a chemical pc zential-discounted price, an 
electric potential-discounted price, an affinity-discounted pric 
and so on. 



Apart from these basic results, items of special interest in 

i 

chapter 8 might be the distinction made between energy deliveric! 
to service processes and the service levels as such produced by ; 
these processes. In economic theory one would usually have the 

I 

volumes of commodities and services as the arguments entering irf 
the utility function to be maximized. For our purposes it has 
appeared to be more useful to distinguish between the energy flc 
which do not enter into the utility function directly, and the 
service levels, which do. This might also provide an extra stres' 
on the fact that energy is not consumed whereas services are, an 
utilit'.’ should be a function of consumption. 
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This aspect of consumption appears to be somewhat in line v;ith 
Lancaster's thicory of "consumption as an activity” [1J66a, 1 966b, 

19o3, pp 113-119], according to which it is not products them- 
selves that are desired by consumers, but rather 

of products. Different products have different sets of characte- 
ristics, and some characteristics are common for several products. 
There f ore a consumption requirement concerning a certain charac- 
teristic could be satisfied by different individual products or 
by a combination of different products. The "volumes" of charac- 
teristics would enter into the utility function, and product 
volumes would enter into the budget constraint. Also there would be 
a need of a function (or a matrix in simplified cases) describing 
for each product unit how much of each characteristic this unit 
provides. There is obviously an analogy betwe.n this theory of 
Lancaster and the ideas applied in sections 8. 2-3. 3 concer.ning 
the functions z^(q^) and in section 7.4 concerning the energy in- 
put vector 43 and output vector SB of the service processes, where 
2 . is the energy requirement to produce service level q . , the 

I' 

columns in .4 and B representing energy inputs and outputs for 
different unit service levels, and B representing the service 
levels themselves. In the arguments of the utility functions 
adopted are included service levels alone. Also, to generalize 
our models in order to cover sets of characteristics instead of 
singular service levels, v/ould offer no problem. 



Of the models given in chapter 8, the feedback one in section 3.4 
would be of greatest generality. The conclusions from this model 
and the example following in the succeeding section certainly 
point at the intuitively correct idea that energy produced for 
processes needing energy of higher quality and discharging energy 
still having a useful remaining potential, would be more valuable, 
or in other words, one would be willing to pay a higher price 
for a commodity that can be used for at least two purposes simul- 
taneously as compared to a commodity having a single use alone. 

The waste heat from radios, from light bulbs, from stoves, and 
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from all similar equipment, should certainly not be a resource 
free of charge in cases when heat is required for keeping the 
surrounding space at a desired temperature level. These result:' 
are also in perfect agreement with the passage taken from [ Weii 
berg, 1978] initially referred to in section 1.2. 

9.3. I.arge-scale energy-economic models 

Let us briefly attempt to connect our theory 'vith the type of ' 
large-scale energy-economic models that appea to occupy a pre-j 
dominant place in current literature on energy economics (cf e 
[Hafele, 1980l) but which we up to now have not touched upon. 

One highly ambitious representative of this class of models is 
the Stanford Pilot Energy / Eaonomia Model [Dantzig, et al , 1978] 

Essentially this model is a linear multi-period input/output 
model describing the US econo.my with particular emphasis on the 

I 

energy sector of the economy. In its most detailed version enco.|- 
passing 23 industrial sectors and eight five-year periods, it i 
represented by some 800 equations and 2000 variables. The 23 in' 
dustrial sectors are formed as aggregates of the 87 industrial 
sectors included in the Leontief input/output tableau published 
by the Bureau of Economic Analysis. The aggregation is based on 
weights represented by prices in the base year 1967. The flows 
in the model are interpreted, in this sense, as physical flows. 

The input/output table describes the requiremeits from differeni 
sectors in order to produce one dollar's worth in each sector. 
These coefficients thus reflect aggregate transformation pro- 
cesses of the various sectors and may vary over time according 
to predetermined dependences, but are independent of the flow 
variables themselves. Part of the net output of the industrial 
sectors may be accumulated as a capital formation and the remair 
der is used up in the form of final goods for consumption pur- 
poses. The model maximizes a utility function determined as the 
discounted sum of the real consumption income over the horizon. 
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Figure 9.1. Energy sector of the Pilot Model. Figure taken from 
[Dantzig, et al, 1978, p 10] 

The energy sector of the Pilot Model illustrated in figure 9.1 
partitions the energy flows into four kinds, namely oil, gas, coal 
and electricity. The supplies of these are either fed into other 
sectors or are consumed by the population. 

Although a model of this kind gives a very accurate and detailed 
description of essential aspects on the role energy-oriented 
factor and domestic demand flows play in the US economy, it takes 
no expliciv consideration to the thermodynamic substitution a'^aila 
bilities and limitations in the industrial or in the domestic 
sectors. The very special opportunity that transformation equip- 
ment would provide in "transforming" energy of certain qualities 
and quantities into energy of other qualities and quantities is 
not analyzed explicitly, cf [ibid, p 11]. 

Although it might be difficult to introduce detailed thermodynamic 
limitations and opportunities into an aggregate model of this kind 
and then expect usable results having a sufficient accuracy for 
predictive and policy purposes, at least such considerations 
might prove useful for a rough estimation of the potentials that 
technological developments and energy conservation might have 
industrially and domestically and would also provide the physical 
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limiLiJ. In principle, it would be quite feasible to incorpoiate 
thermodynamic transformation opportunities intc larye-scale 
ene rqy-economic models along lines similar to the basic prin- 
ciples described by the models in sections 7.5, 8.3 and 8.4 above 

Our conclusion is therefore that concerning moc;els of the kinds 
presented in these three s<.}ctions mentioned, although similar 
thermodynamic relationships do not appear e.xplicitly in large- 
scale models of the type that the Pilot Model lepresents, there 
should be no essential obstacle preventing such relationshij^s 
to be included. Whether or not this would be an improvement is, 
of course, an other matter. 

9.4. The theory of exhaustion 

A second important sector of theory related to energy economics 
that we have not approached so far directly’’, is the theory c f 
exhaustion . There is a substantial amount of established and 
coherent research that has been carried out in this field. 
Important references are [Hotelling, 1931, Gordon, 1967, Smith, 
1968, Cummings, Burt, 1969, Anderson, 1972, Schulze, 1974, Solow, 
Wan, 1976, Heal, 1976, Zimmerman, 1977, Dasgupta, Heal, 1979]. 
Although this theory concerns non-renewable resources in general, 
its current applications and interpretations often cover energy- 
related resources specifically. 

In a typical case, the theory of exhaustion treats the problem 
to find an optimal rate over time regarding the extraction of 
one or several resources, possibly of different grades such as 
differe.nt mineral ores. The total stocks of these resources are 
limited and usually described by given numbers. The extraction 
rates being the negative of the time derivatives of the stocks 
may be restricted by capacity limits. The extracted resorce 
flows may enter as arguments in production functions etc. All 
this depends on the number of aspects one might wish to include. 



Usually aro yLV<an: (i) a value (a sales price) attach. 1 tc 'he 

amoui.t extracted and soli (such as a demand curve describir.-j 
some inverse price-flow relationship), and (ii) an extraction 
cost that apart from the extraction rate itself also might 
depend on the cumulative amount extracted at any particular 
point in time (the more a mine has been excavated, the more 
costly a continued extraction will be) . The net profits dis- 
counted over time would then form the objectiv.i function to be 
maximized subject to flow, stocli/supply , capacity and other 
possible constraints. 



A simple standard example of a one-resource case would be to 
maximize the net present value of profits '/ : 

T 



V = 



V ( X ,x , t ) e 



-pt 



dt 



(9 . 1 ) 



where p(x,x,v) is the profit rate at z (interpreted as a net 
cash flow) depending on the extraction rate x and the cumulative 
amount extracted to date, and where u is the continuous interest 
rate and T the extraction period. This maximization would be sub- 
ject to total extraction xiT) being limited by total given supply 
and e.xtraction rate xic) limited to a maximum given capacity. 
Conditions for a maximum of '/ would thus be obtained by differen- 
tiating the associated Lagrangoan and Hamiltonian functions using 
the constraints and non-negativity requirements, just as in the 
many thermodynamical examples investigated in cur previous chap- 
ters above. 



In recent research and applications the variational approach is 
replaced by control theory and the nuixz'r.un pvinjip'i^ such as in 
the interesting paper by Nissen and Randolph [1978] treating the 
extraction of hydrocarbon fuels. 
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In tlu.' literature dealing v/ith the theory of exnaustion there 
appears to have been no explicit reference to thermodynamical 
considerations of the type we have dealt with in earlier 
chapters concerning the substitution opportunities between 
energy sources of different potentials etc. (In [Dasgupta, 

Heal, 1979, pp 208-213], the authors touch upon thermodynamical 
efficiency slightly.) Such relationships, however, would be 
included easily in certain cases. As an example we choose the 
penetrating work by Golabi, Scherer, et al, or. questions of 
extracting geothermal energy [Scherer, et al, 1977, Scherer, 
Golabi, 1978, Golabi, Scherer, 1978]. Their basic problem con- 
cerns the recovery of heat for domestic heating purposes obtain 
from geothermal storages. Water is pumped out of the ground at 
temperature T^(t), then pumped through a heat exchanger having 

Q 

temperature T on its cold side, and then let back into the 
ground at which point its temperature has dropped to 'f’' . Back 
in t.he ground it is warmed up to ( t ) again. Depending on the 
distance between the resevoir in- and outlets and the flow 
rate Q, there is a brea.kthrough period after which the tempera- 
ture ( t ) starts to fall. According to the authors, this time 

dependence is given by the sum of three exponential functions 
with negative arguments of the type e ^ where the '1 j are 

L 

constants . 

Introducing an energy value assumed to grow linearly with time, 
or alternatively, exponentially, and also various cost relation 
ships, the net present value of the heat extracted is maximized 
by choosing an optimal flow rate Q, an optimal injector tempera 
ture and an optimal life-span of the extraction process. 

In the work referred to, the value of heat is assumed to be 
independent of its temperature and follow one of the two alter- 
native price development functions. According to our theory, 
however, instead it would be the temperature-discounted price 
of hea.t, possibly inflated for second-order efficiency in the 
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convLjrsion process, that v;oulcl be the appro[>riute .-a.i’itity to 
assign a given price or price development to. An incl ision of 
sucii a modification in the model referred to appears to be a 
simpl..? task. 

An evaluation over time of tlie value of energy extracted from 
a thermal or more general system of sources cc-uld also be in- 
corporated into our models of chapter 7 . This would provide a 
furtlier bridge to the theory of exhaustion. A suitable objective 
function in a two-source case would be: 

oo 

V = 

0 

where notations are the same as those of section 7.6 apart from 
the interest rate p. This function v>/ould then be maximized sub- 
ject to first and second law constraints. The r>olution to such 
a problem would be slightly more involved due a the presence 
of the discount factor s ^ . Also in this case the te.mperature- 

discounted prices will fall out of the model an important quan- 
tities. An even more comple.x case would be to ntroduce a depen- 
dence betv/een the entropy generation rate 3 and the exergy extrac 
tion rate E. If such a dependence were assumed to be quadratic, 
cf section 5.6, there would be some difficulties in obtaining a 
reasonably explicit solution due to the presence of this quadrat.. 
relationship . However, to obtain numerical results from specific 
cases ought to present no obstacle. 

Let us take a final look at the intertemporal balance between 
exergy extraction E, exergy waste (lost power) r jS and consump- 
tion of other non-energy-related resources (in which we may in- 
clude saving for future consumption, also for coming generations) 

t, 

and let us for simplicity use the quadratic relationship T 3 - 

r ^ 

- • Applying the viev;poi.nt of a single consumer, this person 



(pi-/ + p 



1 



p.,a 



•pt 






(9.2) 
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will have a utility function u(x,y) (with standard properties) 
where x is exergy made available for services to the consumer 
and y the consumption of other non-energy-related commodities 
(including savings) . A broader interpretation according to the 
treatment in section 8.6 is also possible. If p is the price oi 
exergy, r the price of other commodities and I the net income 
available, the consumer is to maximize u(x,y) subject to the 
two constraints: 



pE + vy < I (9.3) 




the second term in (9.4) being lost power. Assuming an internal 
solution (equalities, in ( 9 . 3) - ( 9 . 4) ) , the optimal consumption 
and "waste level" T ^'s will satisfy: I 



O 





9 



(2-A)^ 




where .4 (<2) is the abbreviation: 



(9.5) 

(9.6) 



^ / iii 

r dy ' ‘^x 



(9.7) 



If A is positive, i e at the optimum there is a positive margi- 
nal utility for the consumption of other commodities, then 
clearly the exergy provided for services is less than its maxi- 
mum possible level ^ ^nd the consumption x will be in exoj 

of waste by the amount A ( 1-A ) / ( 2Xq) • Also, assuming the two mar-, 
ginal utilities to depend only wealcly on changes in prices. 
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consumption will decrease ouadratica 1 ly in the price . Otner 
consequences, such as the effect of an income increase, are 
easily derivable, but omitted. Figure 9.2 illustrates some 
relationships involved. 




Figure 9.2. Consumption space and optimum consumption plan 

This model can clearly be extended to multi-period, multi- 
commodity cases in which total supply constraints, capacity 
constraints, a discount factor etc, are included. 

9.5 Thermal pollution 

A third area related to energy economics is th^ v'rxil volluti.^n, 
which we only indirectly have touched upon in cur preceding 
chapters. Thermal pollution is the effect the l.eat outlet from 
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energy transformation and utili 
temperature. Several scientists 
be of great concern in long-run 
technological development, tv/o 
Schneider, Dennett, 1975]. 



zation has on the environmental 
feel that this Question should 
considerations regarding the 
references being [Summers, 1971, 



In essence, thermal pollution is caused by the Earth and its ' 

surrounding atmosphere having a limited heat capacity, or in 
other words, that our environment, at least for some time, bothi; 
from an industrial and from a domestic viewpoint, is finite. Th* 
question of thermal pollution is in perfect accordance with our 
symmetry principle introduced in section 1.3. ! 



There are two basic kinds of thermal pollution, one being 
pollution from energy transformation units interacting with 
the environment, the second being secondary po'.lution from all 
ultimate heat leakages from the industrial and domestic use of 
energy for space heating, for electrical appliances, for trans- 
portation, and from all other similar uses. In our models of 
chapters 7-8, e.xamples of primary pollution are the flows Q in 
section 7.3 (figure 7.2) and 2 ^^^ in section 7.5 (figure 7.3), 
and of secondary pollution the flows z..^ in section 8.3 (figure 
8.1) and in section 8.5 in figure 8.4). 



Thermal pollution is expected to have severe adverse effects on 
the climatic balances of the Earth concerning not only the mel- ; 
ting of ice in polar regions but also on sea currents, winds and' 
clouds, in their turn distorting the radiative balance, these 
effects causing ecological disturbances of many different kinds. 
Also fossil-fuel plants cause an increase in the atmosphere of 
carbon dioxide (and other pollutants) which affects the absorp- 
tivity of the at.mosphere and thereby the radiative balance of th( 
Earth. Both ther.mal outlet and other pollution are entropy creat; 
as argued in chapter 2. 
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According to some authors one should make a lastinction between 
what they call "natural" energy sources (solar, wind, water) and 
■•unnatural" sources (fossil-fuels, nuclear, ia.jon). In their 
view, extracting power from natural sources would be performed 

by "invariant" energy systems, i e systems not adding to the 
heat load of the biosphere. 

It is not clear to the author that this statement necessarilv is 
true. Consecuences of power extraction from water and wind poten- 
tials appear to be extremely difficult to derive. Therefore we 
limit our attention to a brief comparison between a schematic 
fossil-fuel plant and a similar solar energy plant as they have 
been modelled in sections 7 . 3 and 6 . 5 . It is of course auite true 
t.hat secondary thermal pollution, in a short-run oerspective, 
would not coincide with the a.mount of power supplied, since a 
certain portion would be transformed into potential energy and 
other energy forms still possessing an e.xergy potential, for 
instance for contraction work etc. However, in the short run this 
remaining potential would presumably account for a very limited 
amount in relative terms, and in the long run, when buildings are 
pulled down etc, for a negligable amount. Therefore, in this brief 
discussion, we disregard any residual e.xergy storage. Figure 9.3 
illustrates the flows involved. 



Let us use the following designations. In the fossil-fuel system 
energy is provided as a heat flow of temperature from burning 
tuels, this heat being transformed into electrical*power V by 
means or a heat engine (and a generator), the overall thermal 
efficiency assumed to be . The primary heat load d.^livered to 

the environment is then and the secondary load from using 

V is W. Therefore the total pollution will be Q*^ in order 

to provide the power V. In the solar energy systlm% rooming radia- 
tion amounts to RA where R is the radiancy and A the reflector 
area, of which is reemitted (assuming a grey collector) , 

and where t. is the emisslvity, a collector area,r., collector 
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Figure 9,3. Energy flows pertaining to two schematic systems 
compared 

temperature and a Stef an-Bolzmann' s constant. Assuming the 
collector is connected to a heat engine with thermal efficiency 

" 4 _ 7 

r\^, the primary heat load will he ■( ( ^^-aa.T 2 ) -2), anc 

the secondary load W, where W is the power extracted which even-- 
tually will dissipate into the environment as heat. The total 

— 7 

thermal pollution is therefore • 

Now, if both heat engines have similar thermal efficiencies, the 
thermal pollution per power unit extracted will be the same in 
both cases, viz '^2^~ ^2^ ' solar energy system is to pro- : 

duce a lower total heat load, then obviously we must have ri 2 < ^ 2 , 
i e a thermally more efficient engine. The same applies, when j 

primary pollution only is considered. The question of thermal ' 

1 

pollution thus appears to be more of a question of conversion 
efficiency than of the choice of source. 1 



If we take a second-law viewpoint, instead of using thermal 

efficiencies, the total heat load from the fossil-fuel system 

— 1 — 1—1 

may be written Q* .= (1-T*T. ) and for the solar energy 

1 VO V 1 I 
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is the 



system Q ^ - W.' ./ ( where WQ~^ ( 1 -T* T~^ j 

exergy efficiency of the heat engine applied to the fossil-fuel 
plant and the similar efficiency of the solar energy heat 
engine. Also from this point of view, the heat load per power 
unit extracted ^ and ^ ( 1 -T* T ^ respectively, 

depend on the efficiencies involved, but now also on the source 
temperatures and f’,, . For equal efficiencies, obviously a 
higher temperature provides a lower pollution and vice versa. 

Thus it v/ould be quite possible that the fossil-fuel plant would 
be preferable from this point of view. In any case, it appears 
as if none of the two plants should be called "invariant". 

The case of comparison given above has concerned fossil-fuel 
versus solar energy. Analyzing effects of water or wind power 
would be more involved, no doubt, but would appear to provide 
similar results. 

Since thermal pollution in itself is undesirable, it might be of 
interest to inquire into the effects of attaching a cost to a 
heat outlet. Taking a simplified version (with no domestic heat 
supply) of the model in section 7.3 and assuming a given electri- 
city demand function p(W), we may study the monopolistic proble.m 
of maximizing V: 



V = - P 2^2 



(9.8) 



where Qj is the input heat provided (assumed to be equal to the 
total thermal load) and Pj the price of this heat, possibly in- 
cluding a "penalty" of pollution, subject to a given second-order 
constraint. A straight forward differentiation of '/ yields the 
optimality condition: 
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where e is the price elasticity yj--' 

and r , the temperature-discounted trice ofthl"" 

total differentiation of the parameters ? , and ' '' 

t><2 constant gives us* ^ / sssuming to 



§JL 

w 



6Q. 



Pi 






6p 



P 



- - 



lo; 



( 9 . 11 ) 



ch",™; ZaVlZZT’l,T7 ■“ 

^ < 0 , will a relative imo the standard case with 

by some percentage increasHbr"" ^^cond-order efficienc 

inultiplied by the absolute vall'^orthrer'' P^^^^^bage 

an inelastic demand (-1 < e < n) h ^ ^sticity, whereas for 

for an elastic demand (e < -j) .. * diminish and 

additional considerations along sJilaVlT"" f 

forward to make, but are omitted. straight 




economics" Indicates’^o ® theoretical basis for energy 

bean theoretical, l e to o*o°"d have 

ships having a high level of'" ^ P'"°P°=ttions concerning relatK 

to Wide, but average! sets 

on the other that the th ttroumstances and phenomena, and 

»eans is complete\ rrLr ^ 

to have been stated than answered ThV aaem 

space for future research • ' ' appear to be amp! 

tasearch i„ a number of different directions. 



9 . 18 



Although the goals have been theoretical, a fev; aspects for the 
practical implementation of the ideas presented v;ill be given 
in this section. 

The main ideas given in the previous chapters have led to the 
introduction of discounted prices which v/ere sho'wn to be of 
relevance when determining the economic value of energy in 
different forms. Real prices are determined at the market place, 
whether this would be an organized market such as a stock exchange 
or instead a two-person bilateral monopoly situation in which two 
parties negotiate on some business deal. In general, prices are 
thus formed in a real-world system and do not come out of paper 
work. However, there are a number of instances in which more or 
less theoretical computations affect the price formation process. 

One such class of cases is when theoretical derivations form the 
basis for giving a bid offering the price of a project etc; an 
other when legislation influences the price mechanism such as 
determining a ceiling for the price of electrical utilities, or 
the price of gasoline in a shortage situation, or when taxes have 
a substantial impact on the value of a transaction (real estate etc) , 
taxes essentially being determined from theoretical assumptions. 
However, there is also at least one more important case and that 
it when the theoretical considerations provide a source of knov;- 
ledge to the selling and/or purchasing party involved in such a 
way that this information influences their behiiviour as regards 
bids and counterbids, and/or their evaluation of the values in- 
volved in the commodity to be traded. 

In our case, it appears that this third class of circumstances 
would be the most appropriate way in which our theoretical 
results might be applicable. Knowing of the second law, a person 
would not be equally interested in paying the price of electricicy 
for some delivery of 400 K steam. If he is in possession of bidding 
power, he would have an instrument for arguing for a considerably 
lower price. Knowledge of discounted prices as theoretical limits 
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for the relative values of enerqv 
certainly ,,, price f! 

hi.h proportion of tH. „1 ^ . “ - sufficient!., 



hiyh proportion of the pooulih- °cess if a sufficiently 
elements sufficient for unders thermodynamic 
l-ory a.encres oouia ^ 0 ^: n^ 



When comparing energy prices nn^ oni 

^ut aieo inflates for seconi^orler : L: 

models in sections 7 . 5 and 8 3 • k according to the 

parison should be df~- k ^ ^ ^ t e relevant measure of com- 

secon.-order efficLnc: 1^!,!' d' P^ice and i the 

some kind of energy is’l , * iscounted energy input price for 

the efficiency-L: a ed : ^ alternative), 

'-'jt -Liirxatea price miah-^ o+-iii u , 

sents an inefficient conversion process Uo^ f)' TT “ 

one would be willina to ' ow C) , which means that 

native energy ^ 

has a very low C~value in th • stance heating, for instance, 

- the input temperature is rilrr:: 

City including operating expenses is , ^ Z 

ratio amounting to o E~^~ i ,-7 watt, we obtain a 

ratio Of a - f! of '"V '' 

iSa/Vof input electricity' Pnc^ida space heat at a cost of 

c* 5,-- O.OS (environment temperaL're^^"^ep second-order efficiency 
^20 C) . The ratio of the di . ' temperature 

efficiency would then be p T^-T^r /-^r second-order 

is not competitive. However ^f the " '''' equipment, which 

the efficiency were improved h * dropped below 12 c/W or 

of price drop and efficie • combination 

-ti.ve alternatLe iT::::: — 

provements decrease the ratio at a Lq^ second-order im- 

ctency measure is placed in L dlomL:::::^ -- 



cable most easily ''qultr'^^r Ptices would be appli- 

cQixxy, quite natural] v wrm i u 

uraijy would be processes in which 
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temperature is the important characteristic and this temperat-*re 
is not too significantly far away from the environmental tempera- 
ture. In [Ford, et al, 1975] a number of practical temperature- 
dependent processes are discussed from a second-order point of 
view as well as many other types of processes involving other 
intensive properties than temperature alone. Domestic applications 
cover space heating, ref ridgeration , air-conditioning, cooking, 
and industrial applications cover combined processes, solar/chemi- 
cal energy conversion, among many other examples, also including 
a penetrating analysis of combustion processes. It appears quite 
feasible to apply economic reasoning of the kind presented above 
to the many e.xamples i.ncluded in this reference. 

A special practical problem in an energy-economic system is the 
question of smoothing the production of and demand for electri- 
city over the day/night cycle and over different seasons of the 
year. This problem has its roots on the demand side in periodical 
annual environmental temperature patterns and dayly similar 
work/leisure/sleeping habits and routines. On the production 
side, there are usually large economies of scale, requiring 
that plants be built with high capacity and therefore operating 
with high fi.xed costs and low variable costs. Equalling out the 
possible differences between supply and demand can be carried 
out either by making the capacity more flexible (introducing, 
for instance, marginal gas turbines) or by smoothing out the 
variations in de.mand (for instance, by means of peak-load pricing 
combined with energy storage systems ). Also windmill electricity 
generation etc depending on stochastic properties of the energy 
source, create the need for energy buff^ers for equalization purposes. 

The topics of peak-load pricing, energy storage systems, electri- 
city demand patrerns etc, fall outside of the scope of this work. 
There are of course, quite naturally, a number of items bridging 
the fields. Climatic variations during the year in one region, for 
instance, changes the e.xergy rate necessary for providing a 
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comfortable indoor temperature. The closer the outdoor and des; 
indoor temperature, the less exergy need be consumed. Supply ai 
demand relationships of exergy rather than energy, substitutior 
opportunities etc, would be a challenging field to continue in 



P 



0 



9.7. Towards a general theory i 

In this concluding section let us round off our treatment by inc- 
ducing some more or less speculative ideas on what directions i 
which a general theory might be developed. Economic theory and | 
thermodynamics in its broad sense have a number of basic categob 
in common. Both sciences are concerned with transformations of 
various kinds, both are concerned with information, and so on. I 
Thermodynamics provides us with relationships as to the physica. 
limitations of whac is possible to achieve; economics treats 
questions of how people and firms would or should act when facec 
with such limitations, and if they act in that way, what the cor 
sequences would be. 

A brief summary of some basic concepts of economic theory is the 
following. There is some set of coiumodities or products (includijt 
goods as well as services and labour of different skills) . This > 
set may include products in existence, products on their blue- 
print stage, products not yet invented, as well as products that 
could be in e.xistence in the future, but never will be produced,, 
and products that could be developed but never will be manufac- 
tured. Assuming this set to be large but finite and the number c 
products equal to n and that all volumes (flows etc) of products 

« 

are infinitely divisible, we may envisage an abstract oomncdity 
space r erected by one real-valued coordinate axis for each pro- 
duct. For mathematical convenience it is suitable to use both th 
positive and negative coordinates of the axes depending on the 
direction of the product flow to be described according to some 
convention adopted for different cases. A point in comjnodity spa' 
will thus be given by an n-dimensional vector of positive and/or 
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ne^jiiLivLi real numbers. Accoi iin<j t 'j on.j li i.-; i, ii i >n A 

commodity space [Dobreu, 1'b,y), th<‘ same.- kind ol pr ai kjL m 
different dates or at different locations is i 'ijtt.-r<-nt prodU' ’ 
(assuming a large but finite number of [jossiljlr- loc.it ions md 
a similar number of possible dates). l-Toducts .jre ei'her -'ifiij'i-- 
tui‘cd, in sim[ile cases provided as I il.oui- \a/ mm, or, .r/iilablo us 

rr a 1 ur* . i r*'.vOitr* it... . 

Basically there are tv/o sets of economic ajenls, viz .■ .,i • /•.; 

and •cnsumar.'j . A producer represents a set of transforsiiat ion 
opportunities, from product flov/s {goods, ser^'ices, labour, 
natural resources) into other product flovrs. \i<: choose the con- 
vention that output flov/s are given by po.sitive numbers and input 
flows by negative numbers. A point (vector) y . in coiamridity space 
for the j th producer is either feasible, i e the outputs i.n rjues- 
tion are possible to obtain from the inputs, or it is infe* isiblc- . 
The set of all feasible points y . form a subset of I' demoted / 

•J 

called the j‘ th p-rodua L '-on ,:ec. The total production 0 [;[,or tun i Li es 

of all producers as a collective is determined as the set / = 

- Z / . - [y - Z y . 1 y . £ 'I . , ill ,j ; , i e the .-:et of vectors of 

/ J .• >7 J •] 

Lt J 

net inputs and outputs, v/hen all individual pr,yduction veotms 
belong to their respective feasible productio.n sets. / is calleJ 
the loval produccion siC. 

For eac.h consumer a co.nsumption set is defined ana logons 1 y . 'Ihe 
state of the f th consumer is represe.nted by a • ,o; u. ’ / v .■ 

T. . which eit.her is feasible or infeasible. By convention input 
flov/s of goods to be consumed are de'^ined as positive nu.mbers 
and output flov/s (such as labour) as negative numbers. An infea- 
sible vector would be obtained in a case, for instance, v/hen the 
input of nourishment v/ould not suffice to provide the labour 
described by the vector. The set of feasible consumption vectors 
constitutes the f th cons .unp'Aon sez 1 v/hich ilso is j subset 
of [■ . The set formed as the sum of all consurnpt ion se* c 
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^ .i- - T. X. ' X. 6 .V i) , is called the uotL-l 

I . i ly i 

j . :.c : io^i Jet. Also the given i^ejouvcej are defined by a 

vector in commodity space. The components of this vector are 
nonnegativG. ^ 

If given a total consumption vector x, a total production vect( 
y and the resource vector , the vector n r - - y - jj will de- 
scribe the net input (net demand) of the economy as a whole. I; 
r and ij both are made up of sums of feasible vectors and all 
components of are nonpositive, then the corresponding state (. 
the economy is attainable. This means that the resources, the 
produced volumes and the labour etc supplied by the consumers,, 
suffice as inputs to the consumers and producers to yield these 
supplies, 

1 

1 

A number of standard assumptions on the production and consump- 
tion sets are usually stated, three important ones for Yj beinc 

(i) Y. is convex, i e that if y and v". both are feasible, the 

t7 0 J 

so is any positively wei>jhted average of them ay 

<7 

where J £ a £ 2. If inactivity is possible, 0 £ Y^, then cji 

u I 

vexity implies nonincreasing returns to scale. 

(ii) Y where 9. is the negative orthant, 1 e the set of al 

J 

vectors having nonpositive components throughout. This is 
assumption of fvee disposal , since for any nonzero input O' 
may always have a zero output. 

(iii) n -Y [O] , which means that if y . is feasible then -y 

3d 3 

is not, except if y . - d were feasible. This is an assump- 

3 

tion of irreversibility’, the direction of input and output 
flows cannot be reversed. 

The characteristics of the X . and the Y . are technical (or poss 

3 

biological) in nature and have no direct economic meaning. 
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In order to describe the tastes of consumers , 

der-^.njs are introduced on the sets I.. Such an ordering would 
be complete, transitive and reflexive, meaning that all alter- 
natives X . € A . can be compared with one anotiier along a nrefe- 
rence scale. The preference preorderings are closely related to 
the utility concept, and if certain conditions for the preorderings 
are satisfied, the existence of a utilit'j fun-tion ranking the 
various alternatives may be proven [Debreu, 1959, pp 56-59] . For 
the economy as a whole one consumption alternative x" is preferred 
to a second x', if a change from x' to x" has the conseciuence that 
no utility function decreases and at least one increases (the 
Pare to-ov tirnali ty criterion) . 



A price syezem is an n-dimensional vector of nonnegative numbers 
(prices) describing the economic value of each commodity. The 

prof ltd of the jth producer may be written py . interpreting p 

J 

as a row vector and w . as a column vector, and the (net) jxven- 

' J 

diture of the f th consumer similarly as px_.. The producers (firms) 
are assumed to be owned by the consumers according to predeter- 
mined shares, 0. . being the share of producer j owned by consu- 

^ J 

mer i, and the profits are distributed to the consumers accor- 
ding to these shares; E 0. . vy . credited to consumer i. 

3 ^ " 



Also the resources are assumed to be distributed among the con- 
sumers according to some predetermined rule o - Z , where 

is the vector of resources owned by consumer i . 



The oealth constraint of each consumer is given by rx,. _< 1 ,■ -P'd ^ 

^ ^ - V c 

d 

+ requiring that the net expenditure may not e.xceed the un- 

earned inco.me for each individual consumer. 



Consumers and producers are assumed to behave 
a price system p, the resource vectors and 
0. ., each consumer attempts to choose an x . € 

t j t 



as follows. If given 
profit distributio.ns 
X that maxi.mizes 
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his utility function. The resulting consumption vector .i* then 

describes volumes of commodities to be consumed and volumes of 

services to be provided from the consumers collectively. Given 

the same price system, each producer attempts to choose a £ 

3 

that maximizes his profits. The resulting production vector 
describes the desired output and input levels of all commoditit 
for the producers as a whole. The difference i - w is the 

excess demand. A positive excess demand for a certain product 
would tend to increase the corresponding price and vice versa 
by means of some bidding process, the market mechanism . 



A market equilibrium obtains when y + m - x . An equilibrium of 
the economy is given by an array of vectors 



1 



y*, 



y% 



..., p* , where the xt and u*. are feasible, wh€ re all consumers; 
maximize their utility subject to their resulting wealth const- 
raints, and where the x^ and y*. satisfy the market equilibrium, 
condition . 



-An optimum of the economy is obtained at a state which is attain- 
able, and no other attainable state exists giving at least one j 

I 

consumer a higher utility value and all others no lower values.; 

Linder certain assumptions on the sets and Y . one may prove 
that an optimcum is an equilibrium relative to : price system, ' 
and vice versa, where an equilibrium relative to a price system 
loosely speaking, means an equilibrium in which the individual 
resources oj . and shares G. . are not necessarily specified [ Debrf* 

V 'L J j. ( 

1 959, pp 93-94 ] . 



It would go far beyond the aims of this work to attempt to anal^ 
all concepts referred to above in terms of the.rmodynamics . Let v 
only point at a few possibilities. 

In the models of our previous chapters, the ite^ms traded have 
been heat, work and in a couple of cases volume' displacements. 
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These energy-oriented quantities have therefore implicitly been 
understood as to be the commodities transferred. Generalizing 
this idea from a thermodynamical standpoint v/culd extend this 
class also to -rtaitci-, since heat, work and matter are the three 
entities that can be exchanged between elements of a thermodyna- 
mic system. 

From the point of view of economics the concept of a co.mmodity 
often would be interpreted as some system possessing certain 
characteristics, such as material contents, structure, volu.me 
etc. Some product properties would be easily interpretable in 
thermodynamic terms, such as weight, whereas others would be more 
difficult to translate (such as a tasteful painting). Although a 
product may be defined by its physical properties, the way in 
which this product interacts with its possessor must be described 
in psychological terms. Making a distinction between these differ- 
ent sets of characteristics would be in correspondence with Lan- 
caster's theory of "consumption as an activity" previously referred 
to in section 9.2. In any case, it. appears to be an extremely 
difficult task to interpret the way in which products interact 
with their user in thermodynamic or inf ormat ion-theoretic terms. 
Certain basic products, such as food to be consumed in order to 
restore biological tissues, might be more amenable for analysis 
along such lines. 



In an overwhelming majority of cases of production, the product 
output has a more comple.x structure than its input components. 
This would indicate that an entropy decrease of subsyste.ms of 
the Universe often is a desirable objective. In few cases, on 
the other hand, product outputs are equalized mixes of inputs, 
such as in tinted paint or blended tobacco. Under these circum- 
stances there obviously is a desired entropy increase. On the 
whole, however, production processes would be purifying resulting 
in entropy decreases. From the second law, this must mean that i.n 
some other part of the Universe, there must be a compensatory 
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entropy increase of more than the decrease. This might manifes 
itself in various forms of pollution: heat, chemical pollution 
smoke and other waste products. There is thus a lower physical 
bound for such a contamination for any production involving an 
entropy decrease. 



Product development work, by which the physical properties of ■; 
products are simplified whilst their functional performance re- 
mains (or maybe is improved) is an example in which the entropy 
differential of the product may diminish giving an opportunity 
to create less entropy in the dual process. If fewer screws are: 
needed in the improved product version, fewer holes are drilled 
less energy is needed and less dissipated into the environment, 
less waste material is turned out, etc. 



e 



Using products, either for direct consumption or for a longer 
wear and tear period, depreciates the product, and in general 
would correspond to an entropy increase. Consumption, apart fro 
the build-up of biological tissues or memorizing pleasant infor- 
mation when reading a good book etc, could therefore be expecte 
to be associated with entropy increases. Unfortunately there is 
no law requiring any compensatory decrease elsewhere. 



Resources is a term common to economics and thermodynamics, h 
resource such as the exergy potential of a geothermal resevoir 
or the presence of a mineral ore, would be simple to interpret 
in either discipline. However, human resources in the form of 
knowledge, know-how, skills etc, which often are described just' 
as an additional production factor in the economic context, [ 

would be just as difficult to analyze from a thermodynamic point; 
of view as the consumption of a novel. An increased productivity! 
due to, for instance, developing better work methods, would be | 
described as a displacement of the surface boundary of the pro- 
duction set y.. From a thermodynamic point of view, the interact 
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bet.wocn Lhe Individual >anfj i rn -L-r i n<j ih-- ^ ,i,-, 

the- process Ltself v/ou Id Lo uxiroiK-iy oornpltjx t.o ina ; / .o • , ••/••ri 

in a simplest possible casu. 



Let us consider the followin') t runs f oriiiu t i<jn process i.nter: ret' 1 
as a production. There are :■! kinds of factors Lha‘ may b<j 'rans- 
formed into N kinds of products. Viev;in'j the i actors as s uts;y s t« -."is 
of the Universe and the products in a similar v/ay , ijclore 'he 
transformation v/e have M subsystems and an env i roiiiiven L , an 1 
the transformation v;e have .V other subsystems and an (,-nv i ronment . 
Assume that v/e use y units of factor J , v/hich has an inteinai 

tj 

energy of u[^ per unit and other extensive propertio^ x ' ' - i , , 

d O 

..., also per factor unit, that the number of products of kind 
obtained are y" and that their unit internal energy and ot.h';r 
extensive properties are given by u" and x'b , C = 2, , accor 

K 'c- K 

ding to section 5.4. v/e would then have the balances: 



M , , n 

Z u . u . -h U' = Z y'' u” 
.1 J 0 '' ^ 

3=1 



J '! 
0 



( 0 . 12 / 



M 



Z 

3 = 1 



y '■ X- . 

J 



/ ' 
CO 



+ X . 



Cl 




X". 

V J 



( 0.1 



v/here 7 !, is the internal energy of the Univers / apart iron t.he 

J 

factors before the transformation, and i" apart from ‘-ne pr^doc*.., 
after the transformation, „ other extensive c-roperty L of the 
environment before and q after, and X. ^ a term describing the 
possible autonomous change of the supply or exter.s..ve prope."ty 

A 

With i representing entropy, ^ 0 describes tne entropy genera- 

tion taking place during the process. In a typical production ca 
v;ith index i referring to entropy, the first term in the left-narid 
member of (9,13) v/ould be greater than the firnt t^^rm in th-j r^j..v 
hand memoer, since the products v/ould have a lov/or entrooy tn.in 



. 2 ^ 



the factors. In such a case we would have X'!^ > X i ^ X , , 

tO tO 

meaning that the environmental entropy has increased during , 
the process by more than the entropy generation, just as dis- 
cussed above. 

Let us assume that all x . and are positive constants and 

Z' j z < 

that the energy balance equation always can be satisfied by 
exchanging heat and/or work. The left-hand member of (9.13) 
represents the "supply" of e.xtensive property i , Since the 
residual cannot be negative, the different opportunities 

to manufacture products, given the factor supplies, must satisf 



4 . 



N 



k = l 



■ " > 
ZK — 



z = 2 , 2 , 



(9.14) 



where .4^ is the (fixed) left-hand member of (9,13). The arrays 
of If” satisfying this inequality obviously form a convex subspa- 
see figure 9.4(a) . 

If instead the product volumes are fixed, the factor volumes wi 
have to obey inequalities of the kind: 



M 

Z 





( 9 . 15 ) 



These inequalities are illustrated in figure 9.4(b) . In the (c) 
section of the figure the case is illustrated, when all variabl 
except one factor volume and one product volume are kept consta 



It is clear from figure 9.4 that the usual standard properties 
production functions come out of the inequalities, such as the 
production opportunity curve (thick line in (a) ) being concave 
(at least not convex) , the isoquant (thick line in (b) ) being 
convex, and the total product curve (thick line in (c) ) showing 
decreasing marginal returns when the single factor volume incre 
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If the number of inequalities is very large, one might expect 
each broken boundary curve to approach a smoother ctirve. For 
instance, if the index i is replaced by a continuous parameter 
43 representing a polar coordinate angle, then the set of inequali- 
ties given by: 



y j aou u) + 1 / '' j f n 4 ) _< /? , alia;), 0 < <p < rr / 2 



where R is constant, as a boundary curve will have a circular 
arc with radius R. 



The term X. when it represents entropy generation, should not be 

'L' 

misinterpreted as a resource increasing the opportunity to choose 
higher values of the y" more freely, since at least in the stan- 

K 

dard production case this entropy is absorbed by the environment 
in the term 




Figure 9.4. (a) Production opportunities for given factor volumes . 

(b) Factor substitution opportunities for given product 
volumes, (c) One product total product curve for differ- 
ent supplies of single factor 



The previous discussion has indicated that there might be some 
interesting relationships to be found when taking thermodynamical 



9.31 



constraints into account and introducing them into the economic 
context. In the case treated, it is clear that the two discipli 
are consistent as regards convexity properties of transforniatic 
opportunities. Other properties, in particular the assumptions 
free disposal and irreversibility, would be interesting to exam 
in detail. Of perhaps even more interest would be to investigat 
properties of utility functions, since these functions or, equi 
valently, their corresponding preference preorderings, form the 
basis from which economic theory derives the economic values of 
commodities. This and many other questions are left for the fut 
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